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Abstract In the present paper, we obtain a generalized criterion for meromorphic starlike 
functions. Using the dual concept of differential subordination and superordination, we find 


some sandwich-type results regarding meromorphic starlike functions. 
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§1. Introduction and preliminaries 


Let H denote the class of functions analytic in open unit disk E = {z : |z| < 1} and 


let H[a,n] denote the subclass of H consisting of functions of the form f(z) = a+ an,z" + 
An412"t+ + +++ where a € C,n € N. The class of analytic functions f, normalized by the 
conditions f(0) = f’(0) — 1 = 0 is denoted by A. 


Let & be the class of functions of the form 


f(z= : +0 an2”, 
0 


which are analytic in the punctured unit disc Ej = E \ {0}, where E = {z: |z| < 1}. 
A function f € 5 is said to be meromorphic starlike of order a if f(z) 40 for z € Ep and 
/ 
-2 (2) >a, (0<a<1;z€E). 
f(z) 


The class of such functions is denoted by MS*(a) and write MS* = MS*(0) - the class of 
meromorphic starlike functions. 

If f is analytic and g is analytic univalent in open unit disk E, we say that f(z) is subordinate to 
g(z) in E and written as f(z) ~ g(z) if f(0) = g(0) and f(E) C g(E). To derive certain sandwich- 
type results, we use the dual concept of differential subordination and superordination. 
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Let ®: C? x E —> C (C is the complex plane) and h be univalent in E. If p is analytic in E 


and satisfies the differential subordination 
®(p(z), zp'(z);z) < h(z), ®(p(0), 0; 0) = h(0), (1) 


then p is called a solution of the differential subordination (1). The univalent function gq is called 
a dominant of differential subordination (1) if p < q for all p satisfying (1). A dominant ¢ ~ q 
for all dominants q of (1), is said to be the best dominant of (1). 


DA 


r 


Let UW : C? x E —> C (C is the complex plane) be analytic and univalent in domain C? x 


be analytic in E, p is analytic and univalent in E, with (p(z), zp'(z);z) € C? x E for all z € E 


Then p is called a solution of first order differential superordination if it satisfies 
h(z) < U(p(z), 2p'(z); z), h(O) = U(p(0), 0; 0). (2) 


An analytic function q is called a subordinant of differential superordination (2) if g ~ p for all 
p satisfying (2). A univalent subordinant g¢ that satisfies g < q for all subordinants q for (2), is 
said to be the best subordinant of (2). 


In the literature of meromorphic functions, many authors have been successfully used the tech- 
nique of differential subordination to obtain the results involving meromorphic functions. 
Nunokawa and Ahuja [2] proved the following result. 

Theorem 1.1. Leta<0 andy >= 0. If 


2a — 2a? + ya 
Bhd 
y + ( daar 


then f € MS*(a) 
Ravichandaran et al. [6] proved the following results. 
Theorem 1.2. Let q(z) be univalent and q(z) £0 in E and 
/ 

(i) 202) is starlike univalent in E, and 

q(z 

i / 
(it) R igi 2) FE) a) >0 forzeE, 7 #0. 
q(z) gz) 

If f(z) € B and 


o—f o F) 80 


then 


and q(z) is the best dominant. 
Theorem 1.3. Leta <0, y 40. If f(z) € u and 


zf'(z) , zf"(z) 14 2[1-—y+(a—1)y]z 4+ (1 — 2a)? 2? 
fe) ( Le) )|- 1 = 2az = (1 = 2a)2? 


(=<) 
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Roshian and Ravichandaran [4] proved the following results. 
pe 
q(2) 
zf'(z) _ 2f"(2) z¢q'(2) 
a <1l+(-a 
fr ee ae 


Theorem 1.4. Let q(z) be univalent in E an 


be starlike in E. If f € Up satisfies 


then a 2) 
Fae 
tala aN) 

pe) 

and q(z) is the best dominant. 

Theorem 1.5. Let -1<B<A<1.If f €% satisfies 

2f'(z) — 2f"(z) (A-B)z 
<2 : 
* fe) FR “(1+ Az)(1+ Ba) 


then 


The main objective of this paper is to generalize the results of above nature and obtain certain 
sandwich-type results for starlike functions. 
We shall use the following lemmas to prove our results. 


Lemma 1.1. (/5])Let q be univalent in E and let 0 and ¢ be analytic in a domain D containing 


q(E), with d(w) 4 0, when w € q(E). Set Q1(z) = z¢'(z)dla(z)], h(z) = O[e(z)] + Q1(z) and 
suppose that either 


(i) h is convex, or 
(it) Qi is starlike. 
In addition, assume that 


se zh'(z) 
(itt) RK (8 
If p is analytic in E, with p(0) = q(0), p(E) c D and 


9[p(z)] + zp'(z) ¢[p(2)] < Ola(z)] + 2q'(z)ola(z)], 2 € E, 


then p(z) ~ q(z) and q is the best dominant. 


> 0 for allz inE 


Definition 1.1. We denote by Q the set of functions p that are analytic and injective on 


, \ B(p), where 


(») = {6 € OB lim ple) = oo} 


ZC 
and are such that p'(¢) £0 for ¢ € OE \ B(p). 
Lemma 1.2.  (/1/) Let q be the univalent in E and let 6 and @ be analytic in a domain D 
containing q(E). Set Qi(z) = zq'(z)dl¢q(z)], A(z) = Ola(z)] + Qi(z) and suppose that 
(4)Q1(z) is starlike in E; and 
Q’ 
(ia) ( ey) > 0, for z €E. 


(q(z)) 
if p € H[q(0), 1] AQ, with p(E) Cc D and O[p(z)] + zp’ (z)¢[p(z)] ts univalent in E and 


A|q(z)] + z4'(z)bla(z)] < O[p(z)] + zp'(z)olp(2)], z € E, 


then q(z) ~ p(z) and q is the best subordinant. 


4 Kuldeep Kaur Shergill and Sukhwinder Singh Billing No. 1 


§2. Main Results 


Theorem 2.1. Let q, q(z) £0, be a univalent function in E satisfying therein the condition 


(i) r(1 at L(y 7) > 0, 


’(z) q(2) 
(ii) R (1 a a 3 +(y ye + (y+ Ug(z) + wah > 0 for all z CE 
If fed, oe #0, z€E, satisfies the differential subordination 
-fG))" ( i £0)) 
(ty) te a 
< azq'(z)q7™*(z) +ag™**(z) + (1 — a)a7(z), (3) 
where a,y are complex numbers with a 4 0, then — oe ~< q(z) and q is the best dominant. 
Proof. On writing p(z) = £2) the subordination (3) becomes: 


azp'(z)p?*(z) + ap’ *(z) + (1— ap? (z) ~ azq'(z)q7*(z) +ag™**(z) + (1—a)g(z). (4) 
Let us define the functions @ and ¢ as follows: 


6(w) =awt*!+(1—a)w? and ¢(w)=aw 7! 


Clearly, the functions 6 and ¢ are analytic in domain D = C \ {0} and ¢(w) 4 0 in D. Now, 
define the function h as follows: 


h(z) = azq'(z)q7*(z) + ag?" (z) + (1— a)q7(z). (5) 


Differentiate (5) and simplifying a little, we get 


zh'(z) _ 4, 2a" (2) | zd'(z) nthe) 
ae ey 1) ey TOTO 
where Q,(z) = azq'(z)q?~'(z). In view of given conditions (i) and (ii), we have Q, is starlike 
in E and h!(2) 
zh'(z : 
n (ZF) >0, z€E 


In view of lemma 1.2 and subordination (3), we have 


Alp(z)] + zp'(z)¢lp(2)] < Ala(z)] + 20'(2)ola(2)]- 


This completes the proof of our theorem. 


Theorem 2.2. Let q, q(z) #0, be a univalent function in E such that 


(i) r(i | at + (y yO) >0, 


(ii) R ( + 1)q(z) 4 e =) > 0 for all z €E. 
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Iffe 5, -2F) € H[q(0), 1] AQ with 2f (2) #0, z EE, satisfies the differential superordi- 
f f(z) f(z) 
azq'(z)q™*(z) +.ag7™**(z) + (1 — a)a7(z) 
LEN" (1 49 ( LO 2 OY) — a4 
< (ap) (te (2eae 2p) =H ° 
where a, y are complex numbers with a 4 0, then q(z) ~ — oe and q is the best subordinant. 
Proof. Setting p(z) = — aa the superordination (6) becomes: 


azq' (z)g7*(z) + ag?**(z) + (1—a)q*(z) < azp'(z)p7*(z) + ap™™(z) + (L— a)p7(z). (7) 


By defining the functions @ and ¢ and Q, same as in case of Theorem 2.1 and observing that 


Q’ 
Y 
(q()) a 
The use of lemma 1.2 along with (7) completes the proof on the same lines as in case of Theorem 
Deli. 


On combining Theorem 2.1 and Theorem 2.2, we obtain the following sandwich-type theorem. 
Theorem 2.3. Suppose a,y are complex numbers with a # 0 and suppose that q1,¢2(q 4 


0,q2 #0, z € E) are univalent functions in E such that q satisfies the conditions (i) and (ii) 


/ 
of Theorem 2.2 and q2 follows the conditions (i) and (ti) of Theorem 2.1. If f © &, at € 
z 
/ 
H(qi(0), 1] AQ with yO #0, 2 EE, satisfies the differential sandwich-type condition 
z 


az (z)q?'(z) + ag?" *(z) + (1 — aa? (z) < h(z) 


=e) Perey) 
~ a2qh(z)qq (2) + agy**(z) + (1- aq} (2), 


zf'(z) 
f(z) 


the best subordinant and the best dominant. 


where h is univalent in E, then qi(z) < — ~< qo(z). Moreover qi and qz are, respectively, 


Deductions 


If we consider the dominant q(z) = eS 0<A< 1, a little calculation 


1+ (1 — 2)) 
yields that this dominant satisfies the conditions of Theorem 2.1 in the following 
particular cases. Select y = 1 in Theorem 2.1, we get the following result. 


Corollary 2.1. Suppose that a(0 < a < 1) is a real number and if f € 


pee vo #0 ink, satisfies 


fate Ge 7) 
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1+(1-2A)z 
1-2z 


Qa(1—2d)z (1+ (1—2A)z\*_ = 
aoa tel ) +a-a) 


y) 


l-z 


then 
_2f'(z) 1+ (1 —2A)z 


1c a 


ie. f €MS*(A), OS AK<1. 


it 
Taking a = 5 = 0 in above corollary, we get: 


Corollary 2.2. Jf fed, 22) #0 ink, satisfies 
f (2) 
(-") (1 | ee - 1+22z 
f(z) 2 fiz) F(z) (1-2)? 
then f € MS". 
Selecting y = —1 in Theorem 2.1, we have: 


Corollary 2.3. Suppose that a be a real number such that a € (—oo, 0) U[1, o«] 
7 


and let fed, zi 2) #0 ink, satisfy 
f(z) 
4 (ZF) 2 fi) 
ta Fey) aaa) 2a(1— d)2 
Ee " 14+(1-2a)z © (1+ (1 — 22)z)?’ 
f(z) 
nel afl) 140-2) 
Be lee +(1—2d)z : 
Bee < 7a ae te. fEMS*(A), OS A<1. 
Taking y = 0 in Theorem 2.1, we have: 
Corollary 2.4. Jf fed, ZL) #0 ink, satisfies 
f(z) 
ZF" 2) zf'(2) 204 EIEN z) 2a(1 — A)z 
1+0(775 Saco. - l-z "(1 2z)(1 + (1 2A)z)’ 


where a is a non-zero complex number. Then 
zf'(z) 14+(1-2dA)jz 
—, ~ ; 
f(z) Le 
i.e. fE MS*(A), OSA <1. 
Selecting a=1,A= 5 in above corollary, we get the following result: 
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Corollary 2.5. Jf fed, ae #0 ink, satisfies 
z 


_2f(2)_2f') +2 
Fe) A THF 


then He) ‘ 
ops 
Ff) 1-2’ 


i.e. f € MS*(5), z€ 


1 


1 
When we consider the dominant q(z) = ae 


, -~l<a<1,a little calculation 
yields that it satisfies the conditions of Theorem 2.1 in following special cases and 
consequently we obtain the next results. 

Setting y = 1 in Theorem 2.1, we have the following corollary. 


Corollary 2.6. Suppose that a(0 < a < 1) is a real number and if f € 


», oo #0 ink, satisfies 


Fate re 7) 


a(l+a)z | 1+az oo 1+ az 
T + (1 — ‘ 
(1 — z)? a(S) ( ee 


then 
1 
ie) ~< ue zE€EK, -l<a<l 
f(z) 1-2 
Selecting y = —1 in Theorem 2.1, we have: 


Corollary 2.7. Suppose that a be a real number such that a € (—oo, 0) U[1, co) 


and let f Ed, i #0 inE, satisfy 
4 (PR) otf) 
+0 (55 TH). Ae altt—s) , alt-ba)s 
_ 2f'(z) | 1+az © (1+ az)?’ 
f(z) 
then 


zf'(z) l+taz 
f(z) = 1l-2z 


,zE€E, -—l<a<l. 
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Taking y = 0 in Theorem 2.1, we have: 


Corollary 2.8. Jf fed, ae #0 ink, satisfies 
Z 


4 ee | tates a(l+az) a(lta)z 


f'(z) F(%) T= (1—z)(1+az)’ 


then 
_2f'(z) , lt+az 


f(z) - 1l-2z 


,zE€E, -l<a<l. 


§3. Sandwich-type Results 


In this section, we apply Theorem 2.3 to find certain sandwich-type results which 


/ 
give the best subordinant and the best dominant for a By selecting the 
Z 


subordinant qi(z) = 1+ az and the dominant qo(z) = 1+ bz,0 < a < 6, in 
Theorem 2.3, we deduce, below, some criteria for starlike functions. Keeping 
y = 1 in Theorem 2.3, we obtain: 

Corollary 3.1. Suppose a,a,b are real numbers such thatO <a<1,0<a< 


b<1. If f € Xd is such that te) € H[1, 1]NQ, with a24 (2) # 0 and satisfies 
f(z) f(z) 


the condition 


Lu tanpe a «2 (140 2L-2f2)) 


~1+(1+2a)bz + ab?z?, z €E, 
where a a, (1 + a (#2 2) _ al oy) is univalent in E, then 


f(z) f(z) f(z) 
zf'(z) 
1l+az~<—- <1+45z. 
f(z) 
Example 3.1. Fora =1,a=1/10,b = 9/10 and f same as in above corollary, 
we obtain: 
3 1 F(z) zf"(z) AT 2) 27 Bhs 
1+ 3 7? eS 14 —2 1+ —z+ — 8 
wage’ og ( rae) fe) } *+* 107 * i007 ©) 
then ; re) ‘ 
2f'(Z 
meas ieee 
I+ 75% ae < 10% (9) 
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Writing y = —1 in Theorem 2.3, we obtain: 


Corollary 3.2. Let a,a,b be real numbers such that a € (—oo,0) U (1, 00), 0 < 
Gi Oe ny € a that 8 € H[1,1])NQ, with ue # 0 and 
1+a(4 2) 92 2) 
i Sa I) is univalent in E, then 
— F() 
(Pe) 5 2zf'(2) 
(LEO, - Caz 1+ (a4 =f) pes, > SADE é 
OTT +az' Gtaze _ 2f'(z) MOT Tash (tea! = a 
f(z) 
implies 
zf'(z) 


1l+az~<-— <~1l+bz, z€E. 


f(z) 


Writing y = 0 in Theorem 2.3, we obtain: 

Corollary 3.3. Suppose a@ is a non-zero complex number and a,b are real 

numbers such that a € (—o0,0) U(1,00),0 << a<b< 1. If f € & is such 

zf'(z) ue ( zf"(z) re) 
€ H(1,1]NQ, with O0Oandl+i{a —2 is 

io. fl) 7 Fle)” Fle) 


univalent in E, then 


WW / 
b 
1+aaz4 a= <1+ (a2? — 22D) <1 4 abe eae ze, 


that — 


(1 + az) f'(z) f(z) (1+ az)’ 
implies 
1+az < To <~1l+bz, z€E. 


Example 3.2. Fora =1,a=1/4,b = 3/4 and f same as in above corollary, 


we obtain: 
fay a: Ie _ 2f'(2) Af (2) zhi) 38) 8 
ge ey te) ee 
then : P(e) , 
zfi'(z 
tig aa lt ge (11) 
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Abstract A loop (Gu,-:) is called a special loop of the loop (G,-) if the pair (H,-) is an arbi- 
trary non-trivial subloop of (G,-). In particular, (Gz, -) is called a second Smarandache Bol 
loop (S2naBL) if it obeys the second Smarandache Bol loop identity (as-y)s = x(sy-s) for all 
x,y € Gand s€ H. This paper present some characterizations of Smarandache nuclei of sec- 
ond Smarandache Bol loops and its second Smarandache Moufang part (S2naM(Gu)). Some 
results that holds in classical Bol loops were investigated and generalised. The algebraic con- 
nections between right(left) and middle Smarandache nuclei of S2,qBL and its (SonaM(Ga)) 
via Smarandache autotopism nuclei were shown 
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81. Introduction 


A groupoid (Q,-) is a non- empty set Q with a binary operation ”-” on Q such that 
z-y €Q for all z,y € Q. If the equations: a-x = b and y-a = b have unique solutions x,y € Q 
for all a,b € Q, then (Q,-) is called a quasigroup. Let (Q,-) be a quasigroup and there exist 
a unique element e € Q called the identity element such that for alla € Q,x-e=e-xr=2, 
then (Q,-) is called a loop. At times, we shall write xy instead of «- y and stipulate that - has 
lower priority than juxtaposition among factors to be multiplied. Let (Q,-) be a groupoid and 
a be a fixed element in Q, then the left and right translations Lg and R, of a are respectively 
defined by «Ll, =a-a and «R, = x-a for all x € Q. It can now be seen that a groupoid (Q,-) 
is a quasigroup if its left and right translation mappings are permutations. Since the left and 
right translation mappings of a quasigroup are bijective, then the inverse mappings L;! and 
R;' exist. 

Let 

a\b= bh; and a/b =aR;,' 
and note that 
a\b=c—a-c=b and a/b=c—c-b=a. 
Thus, for any quasigroup (Q,-), there exist another two new binary operations; right division (/) 


and left division (\) for any fixed a € Q. Consequently, (Q,\) and (Q, /) are also quasigroups. 
Using the operations (\) and (/), the definition of a loop can be restated as follows. 
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A loop (Q,-,/,\,e) is a set G together with three binary operations (-), (/), (\) and one 
nullary operation e such that 


1. a- (a\b) = b, (b/a)-a=b} for all a,bE Q, 
2. a\(a- b) = 6b, (b-a)/a =b for all a,b € Q and 
3. a\a = b/b or e-a =a for all a, bE Q. 


We also stipulate that (/) and (\) have higher priority than (-) among factors to be mul- 
tiplied. For instance, a-b/z and a- b\z stand for a(b/z) and a(b\z) respectively. 

In a loop (Q,-) with identity element e, the left inverse element of a € Q is the element 
tJ, = a € Q such that a*-a = e while the right inverse element of a € G is the element 
tJ, = a? € G such that a- a? =e. For more on quasigroups and loops, check Jaiyéola [13], 
Pflugfelder [5] and Shcherbacov [3] 

Smarandache concept in groupoid was first introduced and studied by (W . B Vasantha 
Kandasamy [18], 2002). In her first paper [20] and her book on Smarandache concept in the 
study of loops [19], where she initially defined Smarandache loop (S-loop) as a loop with at 
least a subloop which forms a subgroup under the binary operation of the loop, have started 
gaining more attractive attention of researchers. 

(Muktibodh, [24, 25].2005, 2006 ) defined Smarandache quasigroup as a non trivial subset 
H of a quasigroup (G,-) such that (H,-) is an associative subquasigroup of the quasigroup 
(G,-). 

Immediately after the work of Muktibodh, (Jaiyéola. [6], 2006) presented a study on holo- 
morphic structures of loop under Smarandache concept. The paper revealed that a loop is 
a Smarandache loop if and only if its holomorph is a Smarandache loop and he furthered 
announced that the statement is also true for some weak Smarandache loops such as inverse 
property, weak inverse property but false for others (conjugacy closed, Bol, central, extra, Burn, 
A- homogeneous except if their holomorphs are nuclear or central. 

In (Jaiyéola . [8,9], 2006) carried out a comprehensive study on parastrophic invariants of 
Smarandache quasigroups and presented a ground view of the studies of universality of some 
Smarandache loops of Bol -Moufang type. It was shown in [9] that Smarandache quasigroup 
(loop) is universal if all its f, g—principal isotopes are Smarandache f,g— principal isotopes. 

(Jaiyéola . [10-12, 14,15], 2008) in furtherance to his exploit, presented more character- 
izations of Smarandache concept in the study of quasigroup(loop) structures. In particular, 
Smarandache isotopic quasigroup and holomorphic study of Smarandache automorphic and 
cross inverse property loops was investigated in the same manner as the isotopy theory was 
carried out for groupoids, quasigroups and loops. The same author in [15] introduced the study 
of double cryptography using the concept of Smarandache Keedwell Cross inverse quasigroup. 

In [16,17], the author furthered his exploration of Smarandache quasigroups(loops) theo- 
ry by classifying the structures into first Smarandache quasigroup(loop) and second Smaran- 
dache quasigroup(loop). The author announced that the most comprehensive study in the Bol 
Moufang-type identities called Bol loop falls into the second class of Smarandache loops. Hence, 
the second Smarandache loop is a particular case of the first Smarandache loops and a second 
Smarandache Bol loop is a generalised form of Bol loops. 
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In (Osoba et al. [21,22] , 2018) studied relationship of multiplication groups and isostroph- 
ic quasigroups and some algebraic characterisations of middle Bol loops while the algebraic 
connections between left and middle Bol loops and their cores were presented in [23]. More 
results on the algebraic properties of middle Bol loops were further investigated by (Oyebo and 
Osoba, [26]). 

Furtherance to earlier studies, this research is therefore presented to establish the connec- 
tions between right left(middle) Smarandache nuclei. Characterisation of Smarandache nuclei 
of second Smarandache Bol loop were introduced. Some results in this study agreed with or 
generalised the results in classical cases. In particular, this paper revealed that if (Gy,-) is 
a second Smarandache Bol loop, then SN,(Gy) = SN,(GxH), SN,(GuH) C SN)(Gx) and 
SN,(GxH) = SZ(Gx). In addition, if s € SongM(Gy) then (Ls, Rs, RsLs) € Si1s:AUT(Gu,-) 
. It was shown that if the special loop is S2,qgBL, then SN\(Gy)N SN,(Gua) © SonaM (Gu), 
SN,(GuH) N SonaM (Ga) Ce SN)(GuH) and SN,(Ga) N SonaM (Ga) G SN,(GuH) 


§2. Preliminaries 


Theorem 2.1. [Jaiyeola, [16]] Let the special loop (Gy,-) be @ SangBL. Then, SonqBL 
satisfies SgngRIPL and SonqgRAPL 

Definition 2.2. A special loop (Gx,-) is called a second Smarandache automorphic 
inverse loop (SanaAIPL) if (s-x)~'=s"!-a7' for alls€ H andveG 

Lemma 2.3.[Jaiyeola, [16]] Let (Gy,-) be a special loop. 


1. if (A, B,C) © SangdRAUT(Gy,-) and Gy has the SonaRIP, then 
(C, J, BJ), A) © SandRAUT (Gu,-) 


2. if (A, B,C) © SondRAUT(Gu,-) and Gx has the SongLIP, then 
(JLAJ,,C, B) € SonaLAUT (Gu, -) 


Theorem 2.4. [Jaiyeola, [16]] Let (Gy,-) be a special loop. (Gy,-) is @ SonaBL if and 
only if (RZ1,L.Rs,Rs) € Sis: AUT(Gy,:). 

Definition 2.5. Let (Guy,-) be special groupoid(quasigroup). The Smarandache left, right 
and middle nucleus are denoted by SN,(Gxu),SN,(Gu) and SN,(Gx) respectively. 


1. The Smarandache left nucleus of Gy is define as SN)(Gu,-:)=SN)\(G)NH={seH: 
s-ry=su-y for all xy € GS 


2. The Smarandache right nucleus of Gy is define as SN,(Gu,:) = SN,(G)NH = {s € 
H:ay-s=xy-s for all zy € G} 


3. The Smarandache middle nucleus of Gy is define as SN,(Guy,-) = SN,(G)OH ={s€ 
H:a-sy=xs-y for all zy € G} 


4. The Smarandache nucleus of (Gy) is define as SC(GxH) = SN(Gu,:)N SN,(Gu,:) 
SN, (Gu,°) 


5. The Smarandache center SZ of Gy is define as SZ(Gu,:) = {s € H: s-n4=a2- 
s for alla € G}, where SN is the Smarandache nucleus of (Gu, -) 
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Definition 2.6. Let (Gx,-) be a special quasigroup(loop). A mapping ¢ € SSY M(Gx) 


is called a 


1. second Smarandache semi-automorphism(S2naSemi-automorphism) if and only if ed = e 
and (sy: s)¢ = (sd: yd)s¢@ for ally € G and all s € H 


2. second right Smarandache pseudo-automorphism (Sonq right pseudo 
-automorphism) of Gy if and only if there exists c € H such that (¢,¢R.,@Re) € 
SondRAUM(Gy-) where c is the second Smarandache companion (Sona companion) of 
@. The set of such os is denoted by SonadRAUM(Gu,-) = SonadRAUM (Gyr). 


Definition 2.7. Let the special loop (Gy,-) be a SonaBL. The second Smarandache 
Moufang part (SanaM(Gu)) of (Gu,-) is define as 
SonaM(Gr)= {for alls € H: (s-ys)x = s(y- sx) for all x,y € G} 


§3. Main Results 
Lemma 3.1. Let (Gux,-) be a special loop. The following hold. 
1. ifs €SN,(Gu), then UI, Rs, Rs) € SissAUT(Gy,-) for alls € H 
2. if s ESN, (Ga), then (Rz1, L,I) € SissAUT(Gu,-) for alls € H 


3. ifs © SN)(Gx), then (L5,1, Ls) € Sis: AUT(Gu,-) for alls © H 


Proof. 1. sESN,(GuH) @ vz-s=4-28 6 «-2R, = (az)Rs > UI, Rs, Rs) € Siss AUT (Gu, -) 
for alls € H and a,z€G. 


2. Lets € SN, (Gu) @as-z=2-82 @R2=2-2L, @2z=xR;'-2L, + (Rz1,Ls,1) € 
$1.AUT(Gy,-) for alls € H and z,z€G. 


3. Lets € SN)\(Gy) © su-z=s8-az @ aL,- 2 = (xz)Ly & (UI, Ls, Ls) € Sis: AUT (Gu, -) 
for alls € H and z,z€G. 


Lemma 3.2. Let ¢ be a second right Smarandache pseudo- automorphism of a special loop 
(Gy,-) with second Smarandache companion c. Then, ¢~' is also a second right Smarandache 


pseudo- automorphism. 


Proof. If @ is a second right Smarandache pseudo- automorphism with second Smarandache 
companion c, then 
(¢, Re, Re) € SondRAU M (GH, ‘) 


So, the inverse (¢, Re, ¢R-)~! = (671, Ro'¢71, Ro1¢7!) € SongaRAU M(Gy-) Let 


(¢ ny Ate ‘6 ryt ‘6 *) aa (@ 3 "Rab "Re) € SondRAU M(Gy,-) (1) 
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To complete the proof, we only need to show that (1) hold. That is, R7>'¢~1 = @-1R, for 
allc € H. Let t € G, then tRz'¢-! = td! R,. Setting t = tc, give 


(tc)R;,1¢71 = (tc)o 1 R, > to | =i¢ | - ch 1 R, > ad 1 R, =e, 


where e is Smarandache identity element. From (1), we have (¢~', d-'R., @ 1 Re) € SanadRAU M(Gy,-) 
for allc € H 


Lemma 3.3. Let (Guy,-) be a special loop. 
1. if (Gx,-) ts @ SonaRIP of (G,-), then a? =x and x’ =2% forallzxzEG 
2. if (Gu,-) ts @ SonaLIP of (G,-), then a =x and2? =2> for allte€G 
RCE) his Sy ghIPS Ros = R 
4. (Gx,:) has SongLIP = L,-1 = Ly} 
5. if (Gu,-) is @ SonaRIP, then I)RsJp = L,-1 for alls € H 
6. if (Gx,-) 18 @ SonaLIP, then J) LJ, = Rz-1 for alls © H 


Proof. 1. Consider the expression (sax - x?)(x?)?, then 


(22a I: =A ae Sea age aS a Ve, 


2naRIP 


2. Consider the expression (x* - xs)(x*)*, then 


(a*-as)\(a*)* = (a*)*s=2s o =n Jal Salad a Sa 
QnaLIP 
8245S Seah hed = hh aT eR aa 
A. over Shel oa es Tel aie 1 ee ee ey 


bt Rey eee a ST ER eg a es 
SonaRIP 

bi thin = GE Set st Sas a Ri 
SonaLIP 


Theorem 3.4. Let the special loop (Guy,-) be a SonaBL. Then 
SN,(Ga) = SN,(GH) 


Proof. Let (Gx,-) be a SanaBL. Suppose that s € SN,(Gz), then 
(s+ z)s = #(sz-s) =(a- 8z)s 


for alls € H, and z,z €G. So, cs-z=a-sz. Thus s € SN, (Gy) for all s € H. 
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Conversely, Suppose that s € SN,,(Gz), then 


x(sz-s) =(xs-z)s = (a- 8z)s 


Thus, s € SN,(Gy) for all s € H. 
Theorem 3.5. Let the special loop (Gy,-) be a SenqBL with a SonqAIPL. Then, 
1. SN,(Gu) C SN)(Gux) 
2. SN,(GH) = SZ(GuH) 
Proof. Let Js :2t>a—!, where x € G. Using Lemma 3.3 and S2nqaAIP, 
i Rel 8) See Sens 
Since in Theorem 3.4 (Gy,-) is a SanqRIPL, it give 
-1 
JUReJ, = RB, (2) 


for alls € H andxeG. 

Let s € SN,(Gy), recalling Lemma 3.1, (R7!,Ls,1) € Sis: AUT (Gu, -). Use Lemma 2.3 
on Lemma 3.1 since (Gy,-) is a SangdRIPL, give 
A= (1, J,Ly' I), RZ") € SonaRAUT(Gy,-). Since in Theorem , 


1% ps 


SN,(Gu) = SN,(Gu), 


then s € SN,(Gx). So B= (I, Rs, Rs) € Sis: RAUT(Gu,-) for all s € SN, (Gy). 
The product, AB = (J, J lrg Sette eg hae) =(, Jilig day Hy Ra) (ly Jha axl ) 
is also first Smarandache autotopism of Gy. So, 


_ p-l 
Ji Lsd, = RB, (3) 


From (2) and (3), we have L, = R, for all s € SN,(Gy). In addition, suppose that SC(Gy) = 
{s © H: sx = 2s for all x € G}, 
then 

SE SN,(GuH) Cc SC(Gu) 


Analogously, let s € SN,(Gy). Using Theorem 3.4 and s € SN,(Gx) C SC(Gy), we have 


S°*XZ LZ: S aL: 28 aL: $Z LS + Zz SUZ 


for all s € H and z,z € G. So, s € SN)(Gy). Thus, 
SN,(GxH) C SC(GH)N SNy(GaH) 


Hence, 
SN,(GuH) Cc SC(Gy) N SN)(GuH) MN SN,(GuH) — SZ(Guy) 


But, SZ(Gy) C SN,(GuH). Thus, SN,(Ga) = SZ(Gu) 
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Remark 3.6. In detains, under the hypothesis of Theorem 3.2, SN,(Gu) C SN)(Ga) NM 
SC(Gy). It does not apparent seems to be true that 


SN,(Ga) = SN)(Gu) 1 SC(Gu) 
Let s € SN)(Gxy) NSC(Gx), then R, = Ls and 
(Ls,1, Ls) = (Rs, 1, Rs) € Siss AUT (Gu, :) (4) 
Since (Gy,-) is a S2na(Gu)BL, by Theorem 2.4, 
(Ry*,LsRs,Rs) = (Ry*, Re, Rs) € Sist AUT (Gu) (5) 


Using (4) in (5), give (I, R?,R?) = (1, Ry2,Rs2) € SissAUT(Gu,-) for alls € H. Thus, 
s-e SN,(GuH) 

Theorem 3.7. Let special loop (Gy,-) be a SanaBL with second Smarandache Moufang 
part SonaM (Gy) of (Gy,-). Then, the following are equivalent: 


1. 8 © SonaM (Gy). 
2. (Ls, Rs, RsLs) € Sise AUT(GuH,:) 
Proof. Suppose that s € SenqM(Gy) for all s € H, we have 
(s-ys)a = s(y- sx) (6) 


Put y = s—! in (6), we get sx = s(s-!- sr) 6x2 =s"!-sr 6 eL,L,-1 =t O&O LzL,-1 =e S 
be = [,-1. 
Consequently, Ly! = L,-1 and L,1L, =e, that is 


s-¢2=2 (7) 


for alls € H, and xeG. 
Replacing x by s~‘z in (6) and use (7), give (s- ys)(s~ 
x,y €G. So, 


lr) = s- yx for all s € H and 


yR,L,: ¢L,-1 = (yr) L, > 


A= (RL, Ls-1, D5) € Sis¢AUT(Gy,-). Since (Gy,-) is a second Smarandache Bol loop, by 
Theorem 2.4, (RZ!,L5Rs,Rs) € Siss AUT (Guy, :). 
Let B= 


(RsLs, L,-1 ; eRe L;Rs, Rs) = (Ls, L,RsL,-1 ; RL) € S15: AUT (Gu, -) 
for all s € H. So, for all a,b € G, we have 
aL, bL,R,L,-1 = (ab)RLs (8) 


Set a =e in (8), give 
bL.RsLy-1Ls = bRsLs & LsRs = RsLs 
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So, use the last equality in (8), give a new form of B as B= (Ls, Rs, Rs Ls) € Sis: AUT (Gu, -) 
for all s € H. Thus, 2 hold. 
Now, suppose that 2 hold, for all a,b € G we have 


aL, bRs = (ab)RsLs 


for all s € H. Set b=e, we get L,R, = Re Lg. 
Let C= (Ls, 0,RsL5-1, RsLs) € Sis: AUT (Gu,:) for all s € H. 
Using Theorem 2.4, the product 


(Rj) LeRs, Rs) (Le, Leh bgt, Rog) = (gle, bei, La) € Sia AUT (Ga,:) 
for all s € H. That is, for all a,b, € G, we have 
(s-as)(s~'b) =s-ab (9) 


Let b+ (sb) in 9, give 
(s-as)b = s(a- sb) 


for all s € H. Thus, 1 hold 
Theorem 3.8. Let the special loop Gy,-) be a SanaBL. Then 
1. SN)(Gx)NSN,(Ga) C SanaM (Gu) 
2. SN,(GH) 9 SanaM (Gu) C SN)(GH) 
3. SNi(GH)N SonaM (GH) C SN,(Gx) 


Proof. 1. Using Lemma 3.1. Let A = (/,R,,R,), B = (L5,I,L,) and C = (L,, Rs, RL 5) 
where A, B and C are all first Smarandache autotopisms of Gy for all s € H. Under the 


componentwise multiplication, we have AB = C, that is 
(7, Rs, Rs)(Ls,1, Ls) = (Ls, Rs, RsLs) € Sis: AUT (Gu, -) 

Thus, SN)(Gx)NSN,(Gr) C SanaM (Gu) 

2. Under the componentwise multiplication, give 
(I, Rs, Rs)(Ls, Re, Res) = (Ls, R5, R3Ls) = (Ls, 1, Ls) (I, RS, Rs) 

Thus, SN,(Ga) M Sana (Ga) C SN)(Gx) 

3. Under the componentwise multiplication, we have 
(R1,Ls,1)(Ls, Rs, RsLs) = (Ry 'Ls, Ls Rs, RsLs) = (I, Rs, Rs)(Ry "Ls, Ls, Ls) 


Thus, SN,(GH) N SonaM (Ga) ae SN,(GuH) 
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Remark 3.9. Theorem 3.8 revealed that under the componentwise multiplication, when- 
ever any two of A, B and C are first Smarandache autotopisms of the special loop (Guy,-), then 
the third is also. 

Theorem 3.10. Let the special loop Gy,-) be a SonaBL and ¢ be a second Smarandache 


right pseudo-automorphism of Gy with second Smarandache companion c. Then 
1. SN)\(Gu)6 = SN)(GqH) and ¢ is a first Smarandache automorphism of SN)(Gr) 
2. SN,(Gy)¢ = SN,(GuH) and ¢ is a first Smarandache automorphism of SN,(Gx) 


Proof. Let ¢ be a second Smarandache right pseudo-automorphism of Gy with second Smaran- 
dache companion ¢ (S2nq — companion). Let a € SN,(Gx). 


ad: (xb- (yb-c)) = ad: ((xy)@-c) = (a: ay)b-e 
= (ax -y)b-c = (axr)d- (yd: ce) 


Thus, 
ag: (xb: (y+ c) = (ax)o- (yb +c) (10) 
for alle € H andz,y€G. Put y=c~'!¢7!? in (10), give 
ab-2b = (ax)d (11) 
Thus, ¢ is first Smarandache automorphism of Gy,-) for alla € SN)\(G)N H anda e€ G. 
Putting (12) in (10), give 
ad: (xp: (y+ c)) = (ab: ro) - (yb-) 
Thus, SN, (Gyz)¢ C SN)(Gz). Since in Lemma 3.2, ¢~! is also second right Smarandache 
pseudo-automorphism of Gy,-), we have SN)(Gy)¢ = SN)(GaH) 


Similarly, one can also obtain that SN,(GuH)¢ = SN,(GxH) and ¢ is a first Smarandache 
automorphism of SN,(G7) for all s € H and z,y € G. 


Theorem 3.11. Let the special loop Gy,-) be a SongBL and ¢ be a second Smarandache 


right pseudo-automorphism of Gy with second Smarandache companion c. Then 
1. @ is a second Smarandache semi-automorphism. 


2. SonaM (Giz) b = SonaM(Gyz) if 7+ is a second Smarandache right pseudo-automorphism 
of (Gu) 


Proof. Let s € SanadM (Gyr) for all s € H. Then 


so- [yo(s@- (xd - c))] = 86+ [yo((sx)d- 0) 
= s¢- |(y- sx)$-c)| = [s(y- sx)]d-c= [(s-ys)z]b-c = (s-ys)b- (xb -c) 
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for alls € H and az,y€G. 
Thus, s¢- [yd(sd- (xd-c))] = (s-ys)d- (xd-c). Let a= x¢-c in the last equality, give 


sd [yo(sd-a] = (s-ys)o-a (12) 


for alls € H and a,y€G. 
Let a =e in (12), we get 


sd: (yb: 8h) = (s- ys) (13) 
Thus, ¢ is a second Smarandache semi-automorphism. Put (13) in (12), get 
sd [yo(s- a] = [sd- (yd sd)] -a 


For all s € H. Then, s¢ € SangM(Ga) whenever s € SanqdM (Gy). 
For the fact that ¢~! is also second Smarandache right pseudo-automorphism of (Gy-), give 


S2naM (Gx)¢ = SanaM (Gx) 


for alls € H and z,y€G. 
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§1. Introduction 


With the aid of the powerful PSLQ algorithm [3,4], Bailey, Borwein and Plouffe [2] estab- 


lished an amazing series for 7: 


er 4 2 1 1 
= . 1 
a d 56 es Bk+4 8k+5 sE+s) (1) 


The formula is significant as it permits the computation of the nth hexadecimal digit of 7 
without calculation the preceding n—1 digits. Also in [2], these authors presented the following 


series: 


ae 9 3 1 16 24 8 6 ~ 1 2) 
8H 64k \ (6k +1)? (6k +2)? (6h +3)? (6K +4)? (6K +5)? J” 

Since the publication of [2], formulas of similar form have been discovered and have become 

known as BBP-type series. A base-b BBP-type formula is a convergent series formula of the 


type 


_ oo p(k) 
~ PD bkq(k)’ 


where p(k) and q(k) are integer polynomials in k (see [1] and [4, pp. 54 and 128-129]). Bailey [1] 
and Borwein and Bailey [4, 128-129] gave a collection of such series. 


Ramanujan [6] gave 17 series for 1/7 which are of the following form: 


1 T(s) 


foe) 
k= 


- = » ee aus (a+ bk)a*, (s)k = aaa! sy (3) 


oO 
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where s € {1/2,1/4,1/3,1/6} and the parameters x, a,b are algebraic numbers. One example 


1S 


1 1 QR 42k4+5 1 /2k\242k4+5 1 SS ((2k)!1)3 42k 45 
Mea age are 


mn 162+ (ip 26 16 Nk} DR 16 Le (KE 40968 


For n > 1, let 


aH] 4 2 1 1 
b= a (ae 8k+4 8k+5 ass) 


7 as 1 16 24 8 6 1 
M8 & 64k \(Gk+ 1)? (6k+2)? (6K+3)2 (G44)? " (6k+5)? 


and 


n 


socal ((2k)!)3 42k +5 
7 16 > (k!)® —4096* * 


Pn 
k=0 


Mortici [5] considered the error estimates and proved that for all integers n > 1, 


1 1 
2 21 < as Bn < 2 ? 
(64n? + 184n + 114+ 21) 16" (64n? + 184n + 114)16” 
9 Z Biss 9 
8(108n? + 348n + 53 + a7) 64” ue 8(108n? + 348n + 383) 64” 
and 
ee (2) 
Pro S _ — Pn < Pn’s 
where 
a) ((2n + 2)!)3 128 1280 32 
Pn’ = n+ 
16((n + 1)!)®4096"+1 \ 3 27 ~ 9(9n + 19) 
and 
0) ((2n + 2)!)3 128), 1280 | 128(n + 1) 
Pr = T6((n + ))e4096"41 (3 27 © 324n? + 1008n + 677 / ° 


Using the Maple software, from (8), (9) and (10) we find, as n + ov, 


8 1 1 23 415 O 1 
as a ) 
16” |64n2 512n3 40964 nd 


Pe oe ae 20 8 Df} 
Yn 7 = 64" | 06n2  864n3? ' 10368n4 | ~ \ nd 


1 = MOA. fo R82 320 6 (1 
a?" ~ T6(nl)®4096" 13 27 * Bin2 729n3 * nt} fo 


Using the Maple software, formula (13) is given in the appendix. 


and 


(4) 


(10) 


(11) 


(12) 


(13) 


In this paper, we develop the formulas (11), (12) and (13) to produce complete asymptotic 


expansions, and then establish the asymptotic inequalities for 7 — Bn, Yn — 1? and 4 — Pn. 


The numerical values given in this paper have been calculated via the computer program 


MAPLE 13. 
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§2. BBP-type series 


Theorem 2.1. As n— oo, we have 


~ 16” 


1 1 23 en 415 7091 4 123871 2321003 4 (14) 
64n2_512n3 ~— 4096n4* = 32768n® ~—s-262144n® = 2097152n7 — )” 


where the coefficients rx, (k > 2) are given by the recurrence relation 


A2 = 64 and 
k-1 
1 gla 
i ape ic) 


for k > 3. 


Proof. In view of (11), we can let 


Co 


| Ak 
T Bila yor as nO, 


where A; (k > 2) are real numbers to be determined. Denote 


1 are 
Xn =T7— By and tm Ton 2a nk 


We can let X, ~ Y, and 
AXn 2= Xn41 — Xn ~ Ynti-—Yn =: AYn as n> oo. 


We have 


1 120n? + 391n + 318 


AXn = Bu — Butt = — Tent (4n + 7)(8n + 9)(8n + 13)(2n + 3) 


~ 6PT 8n(L+ Go) Wn(L +H) 8n(1 +B) 4n(1 + F) 


agesert() 1G ey 0) law 


Direct computation yields 


k=2 k=2 kaa ja0 SI 
fore) love) z coo h(Uk 
_ Ak 5 k+j-1\1 = ae k-1\ 1 
Sere ( Sey yay (Ga. an 
k=2 j=0 k=2 j=2 
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We then obtain 
Co 


k 
1 sy peed 1 


Equating coefficients of the term n~* on the right-hand sides of (16) and (18) yields 
cy (i(t fre AO oc Dalen Sa 
8 \4 2\8 '8\8 Saeko 


: k-1 
=avcyr(t ") = 164, for RSQ, 
id 


j=2 


For k = 2 we obtain Ag = and for k > 3 we have 


ea 


oF) 36) (8) 4G) 


fk= 4 
=) A;(-1)*-3 a) — 15k, 


which gives the desired formula (15). The proof of Theorem 2.1 is complete. 


Theorem 2.2. For all integers n > 1, we have 


BY <m— Bn < BP (19) 
where 
3) ik 1 23 2 415 7091 
rn 16" \64n2 -512n3 ° 4096n4 = 32768n5 
and 
32 = 1 1 23 * 415 7091 % 123871 
64n2512n3 ° 4096n4 32768n> ' 262144n6 


Proof. For n > 1, let 


In =n — By — pY and Yn =n — By — BO), 
By (14), we have 


lim ¢, = lim yp, = 0. 
noo noo 

In order to prove (19), it suffices to show that the sequence {z,,} is strictly decreasing and {y,} 
is strictly increasing for n > 1. Direct computation yields 


Tn+1 — Ey = Bn = Bn+1 =p pM = aan 
Ps(n) 
524288n5 (8n + 9) (2n + 3) (8n + 13) (4n + 7) (n + 1)516” 
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and 
Yn+1 — Yn = Bn = Bn41 + Be) _ Bo 
= Pg(n) 
4194304n6(8n + 9)(2n + 3)(8n + 13)(4n + 7)(n + 1)616”’ 
where 
Pg(n) = 118916160n° + 1077123864n’ + 4233436082n° + 9449307021n° 
+ 13127042608n* + 11639027744n? + 6435166400n? 
+ 2027757648n + 278761392 
and 


Po(n) = 2228162880n° + 22006726904n* + 96209251962n’ + 244893891841n° 
+ 400582591808n° + 436904487312n* + 317620640864n3 
+ 148305960784n? + 40341894144n + 4869616752. 


Hence, we have, for n > 1, 


Inti <p and Yn41 > Yn- 


The proof of Theorem 2.2 is complete. 


Remark 2.1. For all integers n > 1, we have 


B2) << — Bn < BO, (20) 
where 
g@) = 1 1 23 as 415 7091 i 123871 2321003 
n 16" \64n2—-512n3 § 4096n4 ~—- 32.768 ~~ 262144n6 = 20971527 ) 


Following the same method as was used in the proof of Theorem 2.2, we can prove the left-hand 
side of (20). Here, we omit the proof. For n > 20, the inequalities (20) are sharper than the 
inequalities (8). Write (20) as 


lm << Sn, (21) 
where 
Tn =Brt+BO and sn = Bn t BO. 
For n = 10 in (21), we have 


r19 = 3.1415926535897932384 . . ., 
819 = 3.1415926535897932385.... 


We then get the approximate value of 7, 


mT & 3.141592653589793238. 


26 


Vol. 17 Error estimates of BBP- and Ramanujan-type series 27 


The choice n = 100 in (21) yields the approximate value of 7, 


mT %3.14159265358979323846264338327950288419716939937510 
58209749445923078164062862089986280348253421170679 
821480865 1328230664709384460955058. 


Theorem 2.3. As n > co, we have 


Aes ms Loe 
n n k 
64 oe 
sth 1 29. 827 7831 1121965 6580343 
~ 64" \96n2 —-864n3_ ~——-:10368n4 =. 46656n® | 3359232n6 10077696n7 — ‘ 
(22) 
with the coefficients juz, (k > 2) given by the recurrence relation 
k-1 
1 1 k= 1 
=— = — (64 ,(—1)*-4 23 
be 96" Lk 63 a a ) Ge ’ (23) 
where 
(—1)*(k — 1) a\ AN 
= 1363200 ( — 18675 ( — 
ae eaenieedoO 0 Ne 3 
a\* 5\* iy" 
+ 9486400 (5) +5762988 . — 793800 7 
for k > 3. 


Proof. In view of (12), we can let 


co 
ae 1 Hk 
64” nk 
k=2 


Vn — 7 as n> oO, 


where ji, (& > 2) are real numbers to be determined. Denote 


1 = Lk 
In=%n —-7? ——— Bake 
Yn —m and ZJ, ean or 

=2 

We can let In ~ Jy and 
Aly = Ing -— In ~ Inti — Jn =: Adn aS n> co. 
Direct computation yields 
uf Qs(n) 


NT =e ae 
n= Int ~ In ~~ Gan 1204(6n + 7)2(3n + 4)2(2n + 3)2(3n + 5)2(6n + 11)? 
where 


Qs(n) = 76444252 + 446923440n + 1124695053n? + 1595519856n? + 1398337506n4 
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No. 


+ 776449152n° + 267058944n° + 52068096n" + 4408992n°. 


We find 
Qs(n) 
1204(6n + 7)2(8n + 4)2(2n + 3)2(3n + 5)2(6n + 11)? 
eek 27 1 _27_ 2 EO. 
S 32, so 64 102d 512 
(6n+7)2 ' Gn+42 (Qn+32 | (Bnt+5) (6n+11? 
a 27 1; 
32 256 64 
(6n)2(1+ 2)?  (38n)2(14+ #)?  (2n)2(1+ 2)? 
27 a 
ae 1024 L 512 
Girt ee Gra+ EP 
SS 
n ? 
k=2 
where 


(—1)*(k —1) na 4\* 
2: 31363200 (£) + 36018675 ( — 
dk ~~ “5464166400 By 3 


ae BY? fi? 
+ 9486400 (5) + 5762988 ( 5) — 793800 ( 


We then obtain 


64" +1 AT, = -S- 64% 


ae (24) 
k=2 
Using (17), we find 
n4+1 = — a rj {kh —1 1 
64" AT, = 2, 2 uj(—1) 6 7 7 — 64x » =. (25) 


Equating coefficients of the term n~* on the right-hand sides of (24) and (25) yields 
“ k-1 
- kj (% — 
—64q, = y for Gee! 8 amd (| 7 ;) — 64, for k>2. 


For k = 2 we obtain 2 = ie and for k > 3 we have 


k-1 ; k soi 
— 649% = 5 > py(-1)*4 ( . _ — 631K, 
j=2 


which gives the desired formula (23). The proof of Theorem 2.3 is complete. 


Following the same method as was used in the proof of Theorem 2.2, we can prove Theorem 
2.4 below. Here, we omit the proof. 


Theorem 2.4. For all integers n > 1, we have 


WD <r — 7? < 7), (26) 
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where 
(1) _ 1 1 29 ; 827 7831 fe 1121965 6580343 
wn = 6 96n2 864n3 ' 10368n4 46656n> | 3359232n6  10077696n7 
and 
(2) 1 1 29 827 7831 1121965 
= + e 
6 96n2- 864n2 ~—s-« 10368n4* =. 46656n® ~—- 33359232n® 


Remark 2.2. For n > 44, the inequalities (26) are sharper than the inequalities (9). 


§3. Ramanujan-type series for 1/7 


Theorem 3.1. As n — ov, we have 


Bets ((2n)!)°n ae 


1 16(n!)°4096" <— nk 
— (Q2n))8n f2 7 7 32 320 7 3256 3896 
~ 16(n!)®4096" ) 3 27n | 81ln? = 729n3 © 6561n4 65615 
_ 46730 652264 7137977 (27) 
" 59049n® =—531441n7 ° 3188646n8 : 


where the coefficients 1, (k > 0) are given by the recurrence relation 


—64f, ., (153. 49 Be 
n= BK _ — mt’) 


ae ARAN 3. Mel ee 
ee am 
dort 64 \k — 128\k-j-1 


k-— 


k j ; 
eget 9 . 


j=2 l=0 =o 


for k > 2. 


Proof. In view of (13), we can let 


as n> oO, 


1 ((2n))8n arn 
ee Fa{nyea005" 2 wk 


where 1, (kK > 0) are real numbers to be determined. Denote 


1 ((2n)!)3n ae 
U,=—+p, and Va= 
je ee 16(n!)°4096" » nk 


We can let Un, ~ Vp and 


AU pn, := Uns — Un ~ Vn4i — Vn =: AVn as 2 > OO. 
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We have 
((2n+2)!)3 42(n+1)+5 
16-((n+1)!& 4096741 
2n)!)8n  (42n + 47)(2n + 1)3 
6 - (n!) 
) 
) 


AU,, = Pn — Pn+1 = 


64096" 512n(n + 1)3 
be 


Nm fal, 1 (47 5 | i | (29) 
16 - (n!)64096” 512\n ntl (n4+1)? (n+1)8/J- 


Direct computation yields 


47-175 17 5 i): ee 49 5 1 
= 1?) 153-2: — k= | Se 30 
n n+l (n+l)? (n+1)8 n pe ) ( i 2 ) nk oo) 


Substituting (30) into (29) yields, as n > oo, 


16 - (n!)®4096" 21 1 be 
ee A ; 31 
((2n)!)3n 32 dn nk ep 
where 
1 4 
patsy (Pe ae. eee 
512 1024 =: 1024 
We have 
av, = L2n+2))%(a+1) sav ((2n)!)%n 5 Vi 
16((n + 1)!)64096"+1 = (n+1)* — 16(n!)&4096” = nk 
— ((2n)!)3n (2n +1)? 3 Vk, se VE 
~ T6(n!)°4096" | 512n(n+ 1)? — (n+ HE Lenk f° 


It is easy to see that 


(2n + 18 B feed Ore = oil 
512n(nt+1)2 512,06 n n+l" (n+1)? 
1 4 QS (-1)*(k+4) ak 
— 8 or — 
where 
i (—1)*(k +4) 
= = d a,= for k>2 
OT BAe ee pe. eee ae 512 


30 
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where 


£=0 
We then obtain, as n — ov, 
16(n!)°4096” (2n + 1)8 3 Vi > UE 
((2n)!)3n " 512n(n + 1)? rm! (n+1)* =, nk 
oo oo lee) oe) k 
ak br Vk 
oak aah Daqho oy ee 2) 
k=0 k= k=0 k=0 | j=0 
Equating coefficients of the term n~* on the right-hand sides of (31) and (32), we obtain 
21 b 1 = 2 
-— =a) —-%M = —%- Wy=- 
30 ae mer -rs me 0= 3 
a by +446 : + = f 
rm 901 1 A199 — 1 = 64.1 128 Yo —- Vy Vy 97” 
and for k > 2, 
k k 
De = > ajby—j — Ve = Goby + ade +) ajbe—g — Vey 
j=0 j=2 
“ k-1\ 1 “ 
poe = 
Khe Pet oa vil 1) (1) = ht Dats, 
j=0 j=2 
k-1 k 
1 k-1 1 1 
= (—1)k-4 yg pe pe Dns 
Ue PES eee Me!) (iy) +a ogee + Do aides, 
j=0 j=2 
k-1 k 
64 1 Set 1 
= -(—1)k-5 ees a es 
Me = og) Pet Gq La Mit) cc) 128" fetes 


which gives the desired formula (28). The proof of Theorem 3.1 is complete. 
By using the formula (28), we now show how easily we can determine 1%’s in (27). We 


obtain the first few coefficients A, as follows: 


D 7 
Y=s=, wW=-= 
0 3° 1 27° 
oad 1 32 
came ae? ee cat i 
it ai Gomme 5 320 
Yo Vy y2= 799’ 
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1 1 25 19 1 3256 
M4 = t Vo Vy V2 Vv3= ; 
504° 63° 504 | 35D 18 6561 
7 21 11 1 fi 1 3896 
Vs = Yo + Vy V2 4 Vy 14 = . 
2 168 56° ' 168° § 7' 84° 14° 6561 
5. 5 1 4 43 17 1 46730 
Ve = t iy V4 12 V3 41 V4 V5 = ; 
12) 252 mo OT 168° 84° 126 59049 
ol | 13 23.25 Hh 13652264 
EOS = Oeo 504 (OR BA! BG Oa one doe BRAT 
ae 1 95 12h 00. Bee" all 5 7137977 
Be Sig gg gr gest agg on Boa? “og 8 4a" — aiasg4G. 


We note that the values of 1, (for k = 0,1,2,3) here are equal to the coefficients of 1/n* (for 
k = 0,1,2,3) in (13), respectively. 
Theorem 3.2. For all integers n > 1, we have 


1 
ae gee te (33) 
and 
1 
Pr <= — Pn < Ps (34) 
where 


(3) _ ((2n)!)3n ( 7 32 320 3256 a 


Pn” F6(nl)64096" \ 3 27" Bin? 729n3 * 656in?  6561n> 


(ay ((2n)!)3n ( 7 32 320 3256 3896 oy 


™ ~ 16(n!)64096" 3. 27n | 8ln2 = 729n3 ° 6561n4 ~=—6561n5_ * 59049n6 


(5) _ ((2n)!)3n ( 7 32 320 3256 3896 46730 aT) 


Pn” ~ T6(n!)64096" \ 3 27n ” Bin? 729n3 " 656in! 656In® © 59049n® 53144 1n7 


p) = 


((Qn)!)®n (2 7 | 32 320-3256 
16(n!)&4096" ( 27n © 81n? 7293 * 6561n4 
3896 46730 652264 7137977 
6561n> * 59049n°  531441n7 * sane) 


Proof. We only prove inequality (33). The proof of (34) is analogous. For n > 1, let 
1 1 
On = — — pn — p®) and On = —— pn — pl. 
T T 
We have 
lim @, = lim J, = 0. 
noo noo 


In order to prove (33), it suffices to show that the sequence {6,,} is strictly decreasing and {V,,} 
is strictly increasing for n > 1. Direct computation yields 


3 
On41 — On = Pn — Pnti t+ p) = ae 
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((2n)!)?n  (42n + 47)(2n + 1)3 
16 - (n!)§4096" = 512n(n + 1)8 
((Qn))8n (2 7 32 320 3256 3896 
* 76 (n1°4096" ( 27n = 81n?2 7293 a 6561n4 = 


((2n)!)3n  ((2n + 2)(2n + 1))3 (1+ = 


16(n!)&4096"  — 4096(n + 1)§ n 
: ( 7 32 320 3256 3896 ) 
3 27(n+1) 8l(ntl? 729(n+1 3 656l(n+1)! 6561(n + 1)? 
((2n)!)3n Ps(n) 


16 - (n!)®4096" 419904n5(n + 1)” 
and 
Vn+1 — On = Pn — Pnt+i + ph? eT ae 
((2n)!)3n  (42n + 47)(2n + 1)8 
16 - (n!)®4096" = 512n(n + 1)8 
((2n)!)3n 2 7 | 32 320 3256 3896 46730 
16(n!)°4096" \3 9 27n 59049n6 


' 81n2— 729n3 ° 6561n4 6561n> * 
((2n)!)?n ((2n + 2)(2n + 1))? (1 a ~) 

16(n!)®4096" — 4096(n + 1)6 n 

. (? 7 ; 32 320 3256 

3 27(n+1) ° 81(n+1)? 729(n+1)3 ' 6561(n + 1)4 
3896 46730 
6561(n +1) © 59049(n + =r) 

((2n)!)°n P(n) 

~ 16 - (n!)®4096" 15116544n®(n + 1)8” 


where 
Po(n) = 249344 + 1537024n + 3961856n? + 5475328n° + 4290732n* + 1816203n° + 327110n® 
and 


P;(n) = 11962880 + 86726656n + 270651392n? + 471961600n? + 497662976n4 
+ 318319755n° + 114970790n®° + 18263392n". 


Hence, we have, for n > 1, 


On41 <6, and Vn+1 Sn 


The proof of Theorem 3.2 is complete. 


Remark 3.1. For n > 14, the inequalities (34) are sharper than the inequalities (10). 
Write (34) as 


Un <7 < Un, (35) 
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where 


For n = 10 in (35), we have 


U19 = 3.14159265358979323846264333831 . . . , 
U19 = 3.1415926535897932384626433838 .... 


We then get the approximate value of 7, 
wT & 3.141592653589793238462643383. 
The choice n = 100 in (35) yields the approximate value of 7, 


mT %33.14159265358979323846264338327950288419716939937510 
58209749445923078164062862089986280348253421170679 
821480865 13282306647093844609550582231725359408128 
48111745028410270193852110555964462294895493038. 


Appendix A. A derivation of formula (13) 


Using the Maple software, we find, as n + ov, 


ay (Qn)I)8 (Qn +.2)(2n +1) 128 1280 | 32 
Pn = 6(n!)84096" (n+ 1)54096 3 27 * 9(9n +19) 
((2n)!)8n (2 7 , 32 320. _26041 
16(n!)64096" 13. 27n ° Bin? = 729n3 © 52488n4 
and 
ay (2n)I)8 (Qn +.2)(2n +1) 128, 1280 | 128(n + 1) 
Pn ~ T6(nlye4096" _ (n + 1)84096 3 | 27 * 324n? + 1008n + 677 
(Qnyime 2s, ee. 282 320 3256 
16(n!)®4096" 13. 27n | 81n? 729n3 ° 6561n4 


We then obtain the following asymptotic formula for + = Pn: 


1 ((2n))°n_ [2 7 | 32 320 4 4(1 x 
— —)}?, nm — oo. 
at ~ 16(n1)64096" 13. 27 Bln? 729n3 
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Abstract In this paper, we consider general divisor problems involving the coefficients of 


triple product L-function L(f x g x h,s) attached to holomorphic cusp forms f(z), g(z) and 
h(z) of even integral weight k for the full modular group SL(2, Z). 
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§1. Introduction and Main results 


Throughout this paper, f = SL(2,Z) is the full modular group. Let Hf be the set of 
primitive holomorphic cusp forms of even integral weight k for TI. Let Ay(nm),A,(n) and An(n) 
be the normalized Fourier coefficients of holomorphic Hecke cusp forms f(z) € Hg,,9(z) © Hi, 
and h(z) € Hg,, respectively. f(z) has the following Fourier expansions at the cusp 00, 


-1 


f(z)= S- As(n)n-= 2", 
n=1 


By the Hecke operators theory, for integers m > 1 and n > 1, A;(n) is real and multiplicative. 
In 1974, Deligne proved that 
| Ar(n) |< d(n), (1) 


where d(n) is the divisor function. 
For Re(s) > 1, the Hecke L-function associated with f(z) is defined by 


n=1 p 


where ay(p) and £¢(p) satisfy 


Ap(p) = o(P) + Bev), op (P)Bp(P) = lag (P)| = [8¢(P)] = 1. 
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For any fixed integer 7 > 1, we define 


It’s easy to find that 


Ajp(r) =  S> Ap(m1)Ap(m2) ++ Ap(ny). 


NS=N1N]Q NG 


The sums )°> Aj,¢(m) has been studied by many researchers. Hecke [2] firstly gave the 


n<ux 
result 


S> Ag(n) K wPt*. 


n<ux 


Furthermore, Wu [13] proved that 


S> Ap(n) K 28 (log x), 


n<x 


where 6 = —0.118.... Moreover, Landau’s classical results implied that 


So Aj (n) « ati’, 


n<ux 


Recently, Lii [6] showed that 


So Ag t(n) Katt, 5 =3, 


n<x 
and 
Si rvAgg(n) Kae te, FE. 
n<x 
For f(z) € Ay, 9(2) € Hy, and h(z) € iy: the associated triple product L-function is 
given by 
L(Y x g x fs) =) Aexeenl) 
n=1 


-THIIL — say) sale ent" "la 


p m=0 u=0 v=0 


where Re(s) > 1. 


Then 
L(f xg x hys)i = 55 Abdxoxnln) 
n 
n=1 
for Re(s) > 1. We can show that 
Ainproxnl) = » Agxgxn(M1)Afxgxh(N2) +++ Agxgxnl(ny)- 


N>=N1NQNG 
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For f(z) = g(z) = A(z), Liu [5] established 


D> Angxex p(n) < attest, 


nN<u 


In this paper, our first aim is to investigate the sums 


Sia) = D0 Aj. Fxgxa(n); (2) 
n<u 
where f(z), g(z) and h(z) are different. 
Theorem 1.1. For anye>0 andj > 1, we have 


4j-1 


S;(2)<aa t, 


Some scholars studied the shifted convolution sums which plays an important role in many 
aspects, such as subconvexity and unique ergodicity. The shifted convolution sums of G'L(3) 
Fourier coefficients was first investigated by Pitt [12]. Based on the work of [8], Lii and Wang [9] 
recently gave the upper bounds for shifted convolution sums of coefficients of L(f,s)’, 


S> So dasln)rap(n +) < NEHHS, NEtE << NTS, 
I<H N<n<2N 


1 


S> SS As z(n)As,p(n $1) < N3+8H?, N28 <H< NI, 
I<H N<n<2N 


and for j > 4 


> SA s)Aus (n+) < NB ys, NOT << NIM, 
I<H N<n<2N 


In fact, the proof of [9] would apply to any L-function for which analogous subconvexity 
and moment estimates are known. The argument is structured in such a way that improved 
moment estimates would immediately yield an better result. Motivated by this, our second aim 
is to study the averages of shifted convolution sums of triple product L-function, 


SiN, A) = DP DD Aasxaxnlr)Aspaxn(n +0) (3) 


I<H N<n<2N 


where f(z), g(z) and h(z) are different. Then we have the following result. 
Theorem 1.2. Suppose1< H<N. For anye > 0 andj > 1, we have 


S,(N,H) < NUH HUA, 


where1<H<N4, 


§2. Preliminaries 


In this section, we will give some lemmas for the proof of Theorem 1.1 and Theorem 1.2. 
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A series of works [1,3,11] established the automorphy and cuspidality of the triple product 
™ X 12 X 73, where 7,72 and 73 are unitary automorphic cuspidal representations of GL2(Q.) 
with Fourier coefficients A,,(n) (¢ = 1,2,3). Hence we know L(f x g x h,s) is automorphic 
and it’s also a general L-function (see [10]). We can get the following averaged and individual 
convexity bounds of L(f x g x h,s) with degree 8 by Lemma 2.5 of [7]. 

Lemma 2.1. Suppose f(z) © Hj,,9(z) © Hg, and h(z) € Hj,, we have 


27 
i LEG RG sha eat) Adi. Tee oa (4) 
a 


L(f xgx ho + it) < (14 | t 0-7" (5) 
uniformly for $ <o< 1lte,T>1 and|t|>1. 
Lemma 2.2. Suppose that the series f(s) = >> ayn ~* converges absolutely foro > 1 


n>1 
and |ay| < A(n), where A(n) is a positive monotonously increasing function of n and 


a lan |n-? =O ((o-1)7%), o—+1t 


n>1 
for some a> 0. The formula 


1 pee id x? cA(2x) Ina 
De oe bi fo)" 40+0 (aga ae) +0 T 


n<ux 


holds truly for 1 <b<bo, T >2 andx=N-+ $ (the constants in O-symbols depend on bg). 


Proof. See Karatsuba and Voronin [4] pp. 334-336. 


§3. Proof of Theorem 1.1. 


Suppose f(z) € Hy,,g(z) € Hj, and h(z) € Hg, are different. Since L(f x g x h,s) is 
automorphic, there is no pole for Rte(s) > 1. By Lemma 2.2, we can express (2) in the form 


1 lte+iT 8 gite 
(x) = — L h, s)? —ds +O 
Sie)= yg f HEX ax hs ds+0(7F"), 


where T is a parameter to be chosen later. 
The line of integration can be shifted to the parallel segment Rte(s) = s + e¢ by Cauchy 
Residue Theorem , 


1 $+e+iT 1+e+iT $+e-iT cape gite 
sie) =s5( | +/ + ) ter x ax hs Sas +0( ) 
271 d4euT stetiT 1te-iT 8 T 


gite 
ht ht h+o( a i 


(6) 
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By (4) and (5), J; becomes 


, B 
Jy <a2"* i 
1 


1 1 : 
<x?" log T max — max {EE xox hg be + ath 


NnsT Tl Decry 
Ty 
i i. 
Ty 
2 


KaerteP-l 4 gate, 


1 J 
L(f xgxh,5 +e tit) tldt +02 +€ 


2 
Lif xgxh,~ “tet it) at) ats 


For the integral over the horizontal segments, we also use (5) to get 


Ite 
heh« | a? | L(f x gx h,o+iT) )? T-1do 
1 
5te 
< max a? THe) tEqGrl 
$+e<o<l+e 
1+e 


Kp g BET A-1HE. 


Taking T = ve, we obtain that 


ys ae PA aD (7) 


Now inserting (7) into (6), we can get the result of Theorem 1. 


84. Proof of Theorem 1.2. 


For 7 > 1, we change the order of summations of (3) to get 


=S > SS Apspxaxnlm)As, pxgxa(n +1) 


I<H N<n<2N 


= So Apsxoxalr) 45 Ajpxoxaln tO). 


N<n<2N I<H 


By Lemma 2.2 and Cauchy Residue Theorem, it follows that 


PSE fxgxn(n t+ 1) = ys Aj, fxgxh(m ->>r; Fxgxn(m 


l<H m<n+H m<n 


1 lte+tiT : Nite 
= L(f x gx h,s))((n +H) - | o( ) 
2nt Jipe-iT $ 


1 5tet+iT 1l+e+iT $t+e-iT ; 
=(/ +f + ) Lu x ax hay (9) 
2m 34e-iT A+e+iT 1+e-iT 
Nite 
x ((n 1 HS nS ! o( ) 
s T 


Nite 
<hth+h+0( T ). 
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We can estimate Iz + I3 by (5) to get 


l+e 7 ; Nite 
h+kh< SN (10) 
where T < Na, 
Inserting (10) into (9), we have 
g$tetiT 


L(f x gx h,s)!((n + H)° n\S ! o(<-). (11) 


1 
pa Aj,fxgxn(n + 1) = af 


I<H te—-iT 


Taking (11) into the second equation of (8), it can be easily seen that 


5+e+iT ; 'g 
s(ND< As sraxnl)] fH EF x 9% hs} ((n+ Hy? —n') SI 


Qni 


N<n<2N te-iT p 

Nite 12 

rn See! 02) 
N<n<2N 


:=G1(N, H) + Go(N, A). 
The Deligne’s bound (1) and multiplicative property of Af#xgxn(n) imply that 
2+e 


T 
For Gi(N, H), we change the order of integration and summation to get 


G2(N,H) « 


ds 


Ss 


1 5+e+iT 
Gi(N, H) = == Lf xgxhs So Ansxaxn(n)((n + H)* —n*) 
Qrt Jive i 
2 N<n<2N 


Using Abel transformation to the sum over n, then 


Ss As,pxoxn(n) ((n + H)* — n’) 


N<n<2N 


= (Cg) —2)Prsentne 


N<n<2N 


(0+ 35) -2) darn 


N<n<2N 


7 HY\** <\ dz 
+sH (1+=) ( S- As sraxalnn® ) 


N<n<a 


(15) 


Inserting (15) into (14), we have 


1 ghetT : HYys ds 
Gi(N, H) - / Lif x 9x hus)'( (14 3) -1)( ys oe 


teil N<n<2N 


1 S+e+iT p2N ; H\* 
— sH- Lif xgxh,sy {1+ — 
207 Lte-iT JN x 


3 \ dx ds 
«( S- As sreaxalnyn® ) SS 
N<n<a 


=Gi(N, H) + G?(N,H). sis 
16 
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By Newton-—Leibniz formula, we get 


$+e+iT 
Gi(N, H) = -f i L(f x gx h,s)4 
ag) +e-iT 
(17) 


(1455) if SY Natxaxn(r (n)n’ asd 


N<n<2N 


Moreover, (16) and (17) imply that 


dt. 


N<n<a 


1 J 
L(fxaxh35 +e +it] 


A Ff 
CMH « 5 manny | 
(18) 


Applying Lemma 2.2, the inner summation of (17) can be written as 


: ; 1 3+e42iT 1 j 
Yo Aaxaxn(n)n2 tet = / 1(1 xg x h,s1 — G te+it)) 
12 . 


N<n<a gte—2iT 
3 
x ee -we)240(5*), 
S1 T 


where —T <t< VT and2<T7 <N is a parameter to be chosen later. 
By Cauchy Residue Theorem, we change the line of integration to the parallel with Re(s) = 


1 to obtain 
> Apsxexa(nnd tote 
N<n<a 
1 1+e+2iT 3+e+2iT 1+e—2iT 1 j 
= 7 + +f \i(rxgxnsi-(5+e+u)) 
a Vedas 1te+2iT 3+e—-2iT 2 
3 (19) 
y (2 ys) -O (=) 
S1 T 
N3te 
:=A, + Ho + H3+0O T Z 
Similarly, for Hj + H3, we use (5) to get 
Hy + H3 < NT77-14.N?T"! < N27", (20) 
where we suppose T’ < N a, 
Taking (20) into (19), then 
iene 1 14te42iT 1 J 
Nf n(n)n2 te+# = / L(t xaxhsi~(5 +e +%)) 
d. poe 2mt Jite—2iT 2 
(21) 


N<n<a 


s(o-wy+o(*) 


A2 
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(18) and (21) imply that 


1+e42iT oD 


H T 
Gi(N,H)<—_ max iy | 
N N<N&S2N J_p Jip e_2ir 


1 
L(fxgxhs+e+it) 


1 : j 9 3 ds, 
x [L fxgxhsi-(5+e+it) (2 - Nw") —dt 
§] 
a fe 1 I Nate 
od L(fxaxh5 +e +it] “dt 
:=E,(N, H) + Eo(N,H). 
By (5), it follows that 
2T T 1 ji2 5 
B(N,H) <H | i L(sxgxn5+2+it) ar) 
-2T \J-T 2 
T j)2 \ 3 
1 . 2 dt, 
L h, = t, —t dt 
Ca (Fx a» ry tetris ) ) T+ hl 


<HT™: 

For E2(N, H), we have 
E,(N,H) <« aur = HN2+ 75-1, 
(22), (23) and (24) imply that 
Gi(N,H) < HT + HN2t 775-1, 

Inserting (13) and (25) into (12) to get 

S;(N,H) < HT” + HN2t©72-1 4 NATH? 
Noting T < N a5 hence we deduce that 

S;(N,H) < Net Han, 


where we take T= Nuvit®Hasi*t*, This completes the proof of Theorem 1.2. 
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Abstract Let f and g be two holomorphic cusp forms for the full modular group SL(2, Z). 
Denote by A#(m) and Ag(n) the Hecke eigenvalue of f and g, respectively. In this paper, we are 


interested in Dirichlet density on sets of primes for linear combinations of Ays(n) and Ag(n). 
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§1. Introduction and Main results 


Let Hf be the set of Hecke primitive eigencuspforms of even integral weight k > 2 for the 
full modular group SL(2,Z). Suppose that f € Hj is an eigenfunction of Hecke operators, 


Tnf =Azs(n)f, 


where the Hecke operators is defined by 


rooner= Fe (9) EA) 


b mod d 


Then the primitive cusp form f has the following Fourier expansion at the cusp oo 


(k=1) 


F(z) = Do As (n\n ?™, 
n=1 


here A(n) € R and A;(1) = 1. From the theory of Hecke operators, for all integers m,n > 1, 
A s(n) is real and satisfies the Hecke multiplicity: 


Aplm)arin) = Ar Gr) (1 


Hence A (7) is not only the n-th normalized Fourier coefficient of f but also the normalized 


eigenvalue of T;,, abbreviated Hecke eigenvalues in this paper. 
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Now we recall the definition of Dirichlet density. A set E of primes has Dirichlet density 
(or analytic density) y > 0 if and only if 


S- = ~y » > sot. 
pen? p P 
In this paper, we write 6(E) = +. 

Kowalski et al. [4] firstly showed if the sign of A/(p) is the same as \,(p) for any primes up 
to the exceptional set of Dirichlet density at least 35, then f = g. Motivated by [4], Chiriac [1] 
successfully proved that 


1 
5({pIAs(P) < Ag(P)}) 2 Te 
2 2 1 
d({PIAz(P) < Ag(P)}) 2 Te 
for p € P, where P is the set of all primes and f,g € H; are different. 

Very recently, based on the work of [1], Lao [5] considered the Hecke eigenvalues at prime 
powers, i.e., for p € P, 


5({p|A¢(p?) < Ag(p’)}) = ene fayes. 
5({pIA3 (pF) < d2(p)}) > regan 1<j<4 


where f,g € Hj are different. 

Chiriac and Jorza [2] were able to prove the density bound for the set {v|ja < Ayay(m1) + 
A2Gy(m2) < b} in the context of unitary cuspidal representations that satisfy the Ramanujan 
conjecture. Recently, by using ideas of Chiriac [1], Gao [3] obtained the Dirichlet densities for 
the set {p|A¢(p) + mAq(p) +n < O} and {p|AF(p) + mAZ(p) +n < O}. In this paper, We further 
consider the Hecke eigenvalues at prime powers and generalize the results of Gao [3]. 

Theorem 1.1. Let f,g © Hg be two different cusp forms. Then 


14+ m? —n(j +1)(14+|m]) 
G+DG+14+G41)|m|—n)1 +m)’ 


5({p|As(p”) + mAg(p") +n < O}) > 5 


wherem € R and -(9 + 1)(14+|ml) <n< ota 
Theorem 1.2. Let f,g € Hj be two different cusp forms. 


6 7 -2 - m2 2 Vane 22 : 
(i) Form >0 and —(j +1)2(1 +m) <n < —Z42 pare te td 


5({p]A}(p’) + m3 (p?) +n < O}) 
(7? + j)m? + (29? + 4j)m + (9? + 29) + (9? + 27) + j? +5 
n(j +1)2(1+m) , 


2 


11) m24 -2 \m—j2—4 
(ii) Form <0 and -(j +1)? <n< (+1) fae ea 


5({p]AF(p?) + mAZ(p’) +n < OF) 
(j + 1)m? + (1 — 9? — 2j)m + (—7? — 2j)n +mn — 7? — 5 
(j + 1)?(—(G + 1)?m — n)(1 — m) 


Zz 
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§2. Preliminaries 


In this section, we will recall and establish some preliminary results which are used to 
prove Theorems 1.1 — 1.2. 

Let f € Hj be a cusp form. The i-th symmetric power L-function attached to f is defined 
by 


L(sym *f,8) =|[ mn (1 ayer) ; Rs > 1, (2) 


where ay(p) and 8(p) are two complex numbers satisfying 


as(p)Bz(p) = loz) =|8e@)l=1, — Ar(P) = af (Dp) + 55 (). (3) 


We express it as a Dirichlet series: 


L(sym' f,s) = 3 eas) =|J (1 ! > ‘enl). Rs > 1, 


US 
n=1 p v=1 Pp 


where Asymi(n) is a real multiplicative function, and 
AsniflD)= YOO) 8D)" = Az’). (4) 
m=0 
Let f,g € Hj be two different cusp forms, Rankin-Selberg L-function attached to sym‘ f 
and sym/g is defined by 


i-—M 2, m j—m’ m’'\ -1 
Digieal  eyant ys) -Tlll I ( as (p)'"™ Br (0) ale AC) ) ess, 


p m=0m/= 


For Rs > 1, we expand it into a Dirichlet series 


i j = r : J sym? symJ ke 
L(eyan! f & ayn’ g,a) = > Smt xevaitel) _ eS y ne wy. (6) 


ns 


n=1 


where Axgymi fxsymig(M) is real and multiplicative. By the multiplicative property and the defi- 
nitions of (3) and (4), it’s easily seen that 


Asymé f xsym4 g(P) LS 3 as(p a yom Bet p)™ ag(p)-™ Bg (p)™ = Asymi ¢(P)Asymig(P), (7) 


m=0 m’=0 


where i, 7 are positive integers. 
Lemma 2.1. Let f ¢ Hf be a Hecke cusp form. Then for 7 > 1, we have 


lAp(p’)| <7 +1, 


and 


IAF (p7)| < ( + 1). 


AT 
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Proof. Using (3) and (4), we can easily obtain the conclusion. 


Lemma 2.2. Let f © Hj be a Hecke cusp form. Then for j > 1, L(sym/f,s) has an 
analytic continuation as an entire function in the whole complex plane C (see Lemma 1 of [6/). 

According to Lemma 2.2 and a series of definitions of (4) — (7), it is not hard to deduce 
that for 7 > 1, 

57 A) _ om, eel (8) 
S Pp 

Lemma 2.3. Let f,g € Hj be two different cusp forms. Then for i,j > 1, L(sym'f x 
sym/g,s) has an analytic continuation as an entire function in the whole complex plane C. In 
particular, when f = g, L(sym'f x sym/g,s) has simple poles at s = 0,1 (see Lemma 2 of [6]). 

Hence, when f = g, we have 


ye = S00), e508 (9) 
Pp p ae 
In other cases, we get 
yy Arle ole’) =0(1), sl, (10) 
ps 
Pp 


The next lemma follows plainly from [6, Lemma 7]. 
Lemma 2.4. Let f,g © Hj be two cusp forms. Then 
1) when f = g, we have 


2 (mi) \2 (mi 
ee =(+1)S-> : + O(1), solt, (11) 
P P 
2) when f #g, we have 


ye 4 +00, esi, (12) 


Lemma 2.5. Let f,g © Hj be two different cusp forms. Then for j > 1, we have 


3 Ade ye er eee m2) +000), soit, 
(A¢(p7) + mAZ (pI) +n)? coat sata 
ye o = H(m, Vee oh i 


where 


H(m,n) = (j + 1)m? + n? + 2m + 2n4+ 2mn + (j +1). 
Hl 


Proof. We have 
> (Ap(p!) + mAq(p") + n)* 


d3(p?) + m?d2(p?) + 2mX¢(p")Ag(p?) + 2nAz¢(p?) + 2mnAqQ(p?) + n? 
f g 


-> Z 
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According to Lemma 2.4 and a series of results (8) — (10), we obtain 


Sp A palo) sn)" 24.4 m+n) + O11), coe 


Similarly, we get that as s > 17, 


(AF (p7) + mAZ(p?) +n)? 
=a 
\ (p?) + m?AG(p?) + 2MAF(p?) AZ (p?) + WAZ (p!) + 2mnAF(p!) +n? 


-> i" 


Pp 


Pp 


=((j+ Dm? +n? +2m + 2n+2mn+ (G4 n) 5 +00. 


§3. Proof of Theorem 1.1 


Proof. Let 
A = {p|Ap(p’) + mAg(p’) +n < 0} 


for any fixed m,n € R and define 
A(f,9,P) = Ay(p") + mAg(p") + 1. 


Let 6(A) be the Dirichlet density of A, we know that 0 < 6(A) < 1. Then we have the 
following inequations 
inA 0 
min (f,9,p) < 9, 


A . 
pi (f,9,p) >0 


Then by Lemma 2.1, we have 


=G+)= G4 Dial in < 0, 
jt14+(f+ [ml tn>0. 


By a straightforward calculation, we get 
—G+D)0+ lm) <n< G++ Im). (13) 
On the one hand, for p € A, we have 
A(f,g,p) < 0. 
Then we obtain 


|A(f,9.P)| = —Az(p’) — mAg(p’) — n < (J + 1)(1 + |mI) — 1. (14) 
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Hence ron , 
59,P : 2 
So SBS (+1 + Im) — 2)? SO =. (15) 
pea P HEA” 
On the other hand, for p ¢ A, we konw that 
Al g.p) 20. 
It follows from Lemma 2.1 that 
|A(f,9,P)| = Ap (p’) + mAg(p’) +n < (GF +1)(1 + |m) +n. (16) 


Using (16), we deduce that as s > 17, 


S- A?(f,9,P) <((j ne 1)(1 4+lm ) “fe n) s A(f,9,D) 


nga nda 
ee ee A(f,9:P) A(f,9:P) 
(G+ 2) fp +) (So AEE yo A) 
fiend Sata deen A(f,9:P) |A(f, 9, P)| 
=((§ +1) + |) (x ar ) 


From (8), we have 


5 Ae) oy ON ee oa ae (ar 
Fr Pp D D p P 


Combining (14) with (17) yields 


pEA Pp pea 


ss AN OD) eng 14 baler) Doe + Halm.n) o 5 +O(1), 81", (18) 


Hy (m,n) = (§ +1)? + |m])? — n?. 
By (15) and (18), it is shown that as s + 17 
SAP n((j +1) + |) +n) D+ Halmn) YD * +000, (19) 


Ss 
Pp es P pEAa 


where 
Ho(m,n) = 2§ +1)(1+|m])(G +1). + |ml) — 2). 


Applying Lemma 2.5 on the left-hand side in (19), we can see that 


1 1+ m?—n(j + 1)(14 |m]) Ll 
LF = DGD + Im) (Gj + 1). + |m]) =n) ar O(1), 


Hence, we get 
14+ m? —n(j+1)(14+ |m]) 


2) 2 2G + m(G+ G+ inl) =n) 
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Then, in order to 6(A) > 0, we need 


1+m? —n(j +1)(1 + |m]) 


G+ 10+ mM G+Datm)=n) 


According to the above inequality and (13), we have 


1+m? 


“OTD Tm SOs Cana eal) 


This completes the proof of Theorem 1.1. 


84. Proof of Theorem 1.2 
Proof. For fixed m,n € R, the set B is defined by 
B = {p|Az(p’) + mAJ(p") +n < OF 


and let 
B(f,g,p) = AF(p’) + MAI (p?) + n. 


We only consider the case m > 0, since the case m < 0 is similar. Let 5(B) be the analytic 


density of B, we need to limit 6(B), such that 0 < 6(B) < 1. Then 


in B(f,g9,p) < 0, 
min (f,9,P) 


B(f,g,p) > 9, 
max B(f, 9, P) 
By Lemma 2.1 and a simple calculation, we have 
—(¢+1)?(l+m) <n<0. 


Firstly, for p € B, we get 
B(f,g,p) < 0. 
It is easy to see that 


Hence, we obtain 
2 
ee (f,9,P) £48 a 


3 = 
peB P 


Then, for p ¢ B, we have 


Therefore, one can find that 
IBF, 9,P)| = A7(p?) + mAG(p!) +n < (GF +1)?(L+m) +n. 
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(20) 


(21) 


(22) 


(23) 


52 He Zhu and Huixue Lao No. 1 


From (23), we show that as s > 17, 


SS B?(f,9,P) <((9 1)?(1+m) +n) S- B(f,9;P) 


pEB Pp p¢B Pp 
Ms ae 2 m)+n B(f,9,D) B(f,9,D) 
“GeO ee) 
an Cai 2 m)\)+n B(f,9,P) IB(f, 9, p)| 
=((j + 1)%(1+m) [Oe oe 
By (9) and (19), we deduce that 
57 Bh gp) < Hs(m,n) > = + Halm,n) OU), gs 17, (24) 
péB P Pp P pEeB 
where 
H3(m,n) =((j + 1)°(1+m) +n)(1+m-+n), 
Hya(m,n) =—n((g +1)?(1 +m) +n). 
Combining (22) with (24) implies 
ED) ona) SS SOM): Ce gle (25) 
P P P P peBP 


where 


H(m,n) = —n(j + 12. +m). 
By Lemma 2.5, we obtain 


(72 + fm? + (29? + 47)m + (7? + 27)n + (9? + 27)mnt 77 +5 


0(B) 2 ng + 12 +m) 


To ensure 6(B) > 0 it suffices that 


(9? + jm? + (23? + 4g) + (9? + 25) + (7? + 2j)mn +P +5 S 


n(j +1)?(1+m) . (26) 


From (20) and (26), we have 


eine Se Sana 9 
P+%aj—m . 


-(j+1?<n< 


This finishes the proof of Theorem 1.2. 
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81. Introduction 


In 1965, Zadeh[31] introduced the notion of a fuzzy subset of a set as a method for repre- 
senting uncertainty in real physical world. The idea of intuitionistic fuzzy set was first published 
by Atanassov[2, 3] as a generalization of the notion of fuzzy sets. Imai and Iseki introduced the 
notion of BC I-algebra[5]. Touqeer and Aslam Malik[30] considerd the intuitionistic fuzzifica- 
tion of the concept of BC I-positive implicative ideals in BC J-algebras and investigated some 
of their properties. The author by using norms, investigated some properties of fuzzy algebraic 
structures[8-29]. In this work, we define the concepts of intuitionistic fuzzy subalgebras, intu- 
itionistic fuzzy ideals and intuitionistic fuzzy positive implicative ideals of BC'I-algebras under 
t-norm T and t-conorm C and obtaine some basic properties of them. Next we show the char- 
acterization properties of them with subalgebras, ideals and implicative ideals of BC’ I-algebras. 
Finally, we consider them under intersections, direct products and BC I-homomorphisms(image 


and preimage) and prove some basic properties of them. 


§2. Preliminaries 
In this section we cite the fundamental definitions and results that will be used in the 
sequel. 


Definition 2.1.((30]) an algebra (X, *, 0) of type (2,0) is called a BC I-algebra if it satisfies 


the following conditions: 
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(1) ((e ey) # (ow 2)) (ey) <0 
(2) (w+ (e+) #y =0 

(3) cxa =0 

(4) ¢*y=Oand yxx =Oimply r=y 
(5) (wey) kz = (x* Zz) *Y 

(6) rx0=2 

(7) Ox (ax y) = (Ox x) x (Oxy) 

( 


8) Ox (O* (a * y)) = 0* (yx x) 

for all x,y,z € X. 

In a BCI-algebra, we can define a partial ordering ” <” by x < y if and only if x * y =0. 
(9) a <yimpliesv*z<yxzandz*xy<z*u 

(10) (vw z)*(y*z)<auxy 

for all z,y,z © X. 

Definition 2.2.((6]) A non-empty subset I of a BCI-algebra X is called an ideal of X if 
(joe, 

(2) a*y€lIandy€ I imply that x € J for all c,y € X. 

Definition 2.3.({6]) A non-empty subset I of a BC I-algebra X is said to be a positive 
implicative ideal of X if it satisfies: 

(1I)oeT, 
(2) ((a*z)*z)*(y*z) eT andy € TI imply x*«z eT, 
for all x,y,z € X.3 

Definition 2.4.([30]) A non-empty subset I of a BC I-algebra X is called subalgebra of 
X ifexye€eTl forallaz,y eT. 

Definition 2.5.([30]) A mapping f : X — Y of BCI-algebras is called a homomorphism 
if f(a* y) = f(x) « f(y), for all a,y © X. 

Definition 2.6.((7]) Let X be an arbitrary set. A fuzzy subset of X, we mean a function 
from X into [0,1]. The set of all fuzzy subsets of X is called the [0, 1]-power set of X and is 
denoted [0, 1]*. For a fixed s € [0,1], the set ws = {2 € X : (x) > s} is called an upper level 
of and the set py = {x € X : p(x) < t} is called a lower level of pu. 

Definition 2.7.([2, 3]) Let X be a nonempty set. A complex mapping A = (w4,Va) : 
X — [0,1] x [0,1] is called an intuitionistic fuzzy set (in short, JF'S) in X if wa-+va < 1 where 
the mappings 4 : X —> [0,1] and v4 : X — [0,1] denote the degree of membership (namely 
ja(a)) and the degree of non-membership (namely v,4(a)) for each x € X to A, respectively. In 
particular 0. and Ux denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole 
set in X defined by x(x) = (0,1) ~ 0 and Ux(zx) = (1,0) ~ 1, respectively. We will denote 
the set of all JF'S's in X as IF'S(X). 

Definition 2.8.((7]) Let y be a function from set X into set Y such that A = (f14,Vva) € 
IFS(X) and B = (up,vp) € IF'S(Y). For all x € X,y € Y, we define 


y(A)(y) = (e(ua)(y), e(va)(y)) 
= (sup{wa(x) | « € X, (x) = y},inf{va(x) | 2 € X,p(z)=y}) if ety) 49 
(0,1) if p7*(y) =0 
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Also y-1(B)(2) = (p-'(4)(2), 9" '(va)(2)) = (ua y(@)), va((a))). 

Definition 2.9.([4]) A t-norm T is a function T : [0, 1] x [0,1] — [0, 1] having the following 
four properties: 
(T1) T(x, 1) =x (neutral element), 
(T2) T(x,y) $T 
(T3) T(x,y) =T 
(T4) T(x, Tly,2) 
for all x, y, z € [0,1]. 

It is clear that if x; > x and y1 > yo, then T(21, y1) > T (xa, y2). 


x,z) if y < z (monotonicity), 
y, x) (commutativity), 
= T(T(z, y), z) (associativity), 


YS oa oN 


Example 2.1. (1) Standard intersection t-norm T,,(x,y) = min{z, y}. 
(2) Bounded sum t-norm 7;(a,y) = max{0,2+y-— 1}. 
(3) algebraic product t-norm T, (x,y) = ry. 
(4) Drastic t-norm 
yo Ata 
To(z,y)=4 « ify=1 


0 otherwise. 


(5) Nilpotent minimum t-norm 


min{z,y} ife#+ty>1 
Tram (g, y) = 
0 otherwise. 


(6) Hamacher product T-norm 


0 if*=y=0 
TH (x, y) = “i . 
Ziyeay otherwise. 
aty—ay 
The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise 
largest t-norm: Tp(x,y) < T(x, y) < Tmin(2,y) for all x, y € [0,1]. 
Definition 2.10.([{4]) A t-norm C is a function C : [0,1] x[0, 1] — [0, 1] having the following 


four properties: 


(1) C(,0) = 2, 

(2) C(@,y) < C(@, z) if 

(3) C@,y) =Cly, 2), 

(4) C(@, Cy, 2)) = C(C(@, 9), 2) 5 


for all x,y,z € [0,1]. 
We say that T and C be idempotent if for all x € [0, 1] we have T(#,x) = x and C(a#,x) =a. 
Example 2.2. The basic t-conorms are 


Cl, y) = max{2, uy 
Co(a,y) = min{1,x + yt 


and 


Cp(z,y) =a@+y— ay 
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for all x,y € [0,1]. 
Sm is standard union, Cy is bounded sum, C> is algebraic sum. 
Definition 2.11.({8]) Let A = (wa,v,4) € [F'S(X) and B= (up,vp) € IF'S(X). Define 


AN B= (tans, Vans): X > [0,1] 


as Hane (£) = T(wa(x), up(x)) and vanp(x) = C(va(x), vp (@)) for all x € X. 
Definition 2.12.((8]) Let A = (wa,va) € IF S(X) and B = (ue,ve) € IFS(Y). The 
cartesian product of A and B is denoted by A x B: X x Y — [0,1] is defined by 


(A x B)(z,y) = (Ha, Ya) X (HB, YB))(@,Y) = (Wax B, VAxB)(, Y) 


= (Haxe(2,y),YaxB(x,y)) = (T(Ha(x), ua(y)), Cva(2), va(y))) 


for all (w,y) € X x Y. 
Lemma 2.1.((1]) Let C be a t-conorm and T be a t-norm. Then 


C(C(a, Y)> C(w, z)) = C(C(a, w), Cy, z)), 


and 
T(T(a, y), T(w, z)) _ T(T(2, w), Ty, z)); 


for all x,y, w, z € [0, 1]. 


83. ClRS(X) (0 CIFIC) AT CIP PIU) 


Definition 3.1. Let A = (wa,va) € IF'S(X) then A is called an intuitionistic fuzzy 
subalgebra of BC I-algebra X under norms(t-norm T and t-conorm C) if 
(1) wale *y) = T(wa(2), way), 
(2) valw*y) < C(va(a),va(y)) 
for all x,y € X. 
Denote by (T, C)IF'S(X), the set of all intuitionistic fuzzy subalgebras of BC I-algebra X under 
norms ( t-norm T and t-conorm C). 

Example 3.1. Let X = {0,a,b,c} be a set given by the following Cayley table: 


* 


0 a bic 
0;0 0 0 0 
a 0 O a 
b a O b 
cle cc 0 


Then (X,x*,0) is a BC L-algebra. 
Define fuzzy subset 4 : (X,*,0) > [0,1] as 


La(z) = 


0.55 ifr =0,a,c 
0.25 ifw#=b 
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and 


va(x) = 


0.15 ife=O,a,c 
0.45 ifa=b. 


Let T(a,b) = T,(a,b) = ab and C(a,b) = C,(a,b) = a+6-— ab for all a,b € [0,1] then 
A= (jta,va) € (T, C)IFS(X). 

Proposition 3.1. Let A = (j14,v4) € IFS(X) and T,C be idempotent. Then A = 
(uwa,va) € (T, C)IFS(X) if and only if the set 


Ast = {ut € X: A(x) D (s,t)} 
be either empty or a subalgebra of X for every s,t € [0,1]. 


Proof. Let A = (44a,va) € IF SN(X) and x,y € Asgy. Then 


Haley) > T(wa(2), Haly)) 2 T(s,8) = 8 
and 
vale *y) <C(vala),valy)) < Ct) =t 
so 
A(x *y) = (ua(a *y),va(@ *y)) 2 Als, t) 
thus « * y € A, and so A,, will be a subalgebra of X for every s,t € [0,1]. 
Conversely, let As; is either empty or a subalgebra of X for every s,t € [0,1]. Let s = 


T(wa(x), wa(y)) and t = C(va4(x), va(y)) and «,y € Asz. As Ass is a subalgebra of X so 
x*y € As, and thus 


and 
va(axy) St = C(va(z), va(y)) 


OAS (ua viv[e (TIES: 


Proposition 3.2. Let A = (j#14,va) € (T,C)IF'S(X) and T,C be idempotent. Then 
A(0) D A(a) for all x € X. 


Proof. Let x € X. Then 
Ha(0) = Hala * x) > T(wa(x), wa(x)) = Walz) 


and 
va(0) =va(a* x) < C(va4(a), va(x)) = va(x) 


thus 
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Definition 3.2. Define A = (ua,va) € IF'S(X) is an intuitionistic fuzzy ideal of BCI- 
algebra X under norms(t-norm T and t-conorm C’ if it satisfies the following inequalities: 
(1) wa(0) = Ha(2), 
(2) wa(a) 2 T(wa(e * y), Ha(y)), 
(3) va(O) < va(z), 
(4) va(x) < C(vale*y),valy)); 
for all x,y € X. 
Denote by (T,C)IFI(X), the set of all intuitionistic fuzzy ideals of X under norms(t-norm T 
and ¢t-conorm C). 
Example 3.2. Let X = {0,a,1,2,3} be a set given by the following Cayley table: 


*'0 a 1 2 38 
0;0 0 38 2 1 
aja 0 3 2 1 
1/1 1 0 3 2 
2/3 2 1 0 8 
3/3 3 2 1 O 


Then (X,*,0) is a BC I-algebra. Define A = (14,V4) € IF'S(X) as 


t ifa=0, 
pa(z) = t) ifx=a, 
to ifa#=1,2,3, 
and 
so ifx=0, 
Va(«) = s, ifv=a, 


8. if =1,2,3, 


with tg > t, > te and s9 < 81 < sq such that 0 <t; + 5; < 1 and t;, 5; € [0,1]. 

Let T(a,b) = T,(a,b) = ab and C(a,b) = C,(a,b) = a+ 6 — ab for all a,b © [0,1] then 
A= ("a,va) € (T,C)IFI(X). 

Proposition 3.3. Let A = (f#4,v4) € IFS(X) and T,C be idempotent. Then A = 
(wa,Va) € (T,C)IFI(X) if and only if the 


Ast ={x € X : A(x) D (s,t)} 
be either empty or an ideal of BC'I-algebra X for every s,t € [0, 1]. 


Proof. Let A = (4,Va) € (T,C)IFI(X) and x,y € X. Then p4(0) > a(x) > s and v4(0) < 
va(x) <tso A(O) = (w4(0),4(0)) D (s,t) and then 0 € A, 4. Also let rxy € As, and y € Ag4. 
Then 

a(x) 2 T(wa(e*y), Haly)) 2 T(s,8) = 8 
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and 

va(a) < C(va(a*y),valy)) S$ C(t, t) =t 
then A(x) = (44(%),va4(x)) D (s,t) thus « € Agy. Then A,» will be an ideal of BCI-algebra 
X for every t € [0, 1]. 
Conversely, let As be either empty or an ideal of BCI-algebra X for every s,t € [0,1]. Let 
s = T(pa(x * y),wa(y)) and t = C(va(ax *« y),va(y)) with a xy € Ags and y € Agz. Then 
x € As, thus 

Ha(#) = 8 =T (waa *y), way) 


and 
va(z) St = C(va(x*y), va(y)) 
so A = (wa,va) € (T,C)IFI(X). 


Proposition 3.4. Let A = (ua4,va) € (T,C)IFI(X) and x*y < z. Then pa(x) > 
T(ua(y), waz) and va(x) < C(va(y),va(2)) for all x,y, 2 € X. 


Proof. As a*y <z so (a*y)* z=0 for all x,y,z € X. Then 


T(pa(x * y), Ha(y)) 

> T(T(ua((x * y) * 2), wa(z)), Ha(y)) 
= T(T(ua(0), Ha(z)), Ha(y)) 
T(ua(z), Ha(y)) 

T(wa(y), MaA(Z)) 


thus a(x) > T(wa(y), wa(2)). Also 


va(r) < C(va(a* y),va(y)) 
< O(C(va((@ * y) * 2), va(z)), vay) 
= C(C(va(0), va(z)), va(y)) 
= C(va(z), aly) 
= C(valy), va(2)) 


so v4(x) < C(va(y), va(2))- 


Proposition 3.5. Let A = (ua,va) € (T,C)IFI(X) and x < y for all x,y € X. Then 
A(x) 2 Aly). 


Proof. Since x < y so x*y =0 for all x,y € X. Then 


Ma(x) > T(wa(x * y), Ha(y)) = T(Ha(0), Maly) = aly) 


and 
va(«) < Civa(z * y), vay) = C(va(0), va(y)) = va(y) 
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therefore 


Following proposition provides that every (T, C)IFI(X) is (T, C)IFS(X). 
Proposition 3.6. Let A = (u44,va) € (T,C)IFI(X). Then A = (4, va) € (T, C)IF'S(X). 


Proof. We know that x * y < x and from Proposition 3.2 we get that A(a * y) D A(x). Now 


Ma(@*y) > wa(z) > T(wa(e *y), Ma(y)) = T(ua(2), waly)) 


and 
va(@*y) Sva(x) < C(va(x*y), va(y)) < C(va(z), va(y)) 


and then A = (u4,V4) € (T,C)IF'S(X). 


Remark 3.1. The converse of Proposition 3.6 may not be true. For example in Example 
3.1we have that A = (4,va) € (T,C)IF'S(X) but since 4(b) = 0.25 2 T(wa(b* a), wa(a)) = 
T(ua(a), wa(a)) = wa(a) = 0.55 so A = (44, v4) ¢ (T,C)IFI(X). 

As under a condition every (T, C)IF'S(X) is (T, C)IFI(X). 

Proposition 3.7. Let A = (#a4,va) € (T,C)IFS(X). If wa(a) > T(waly), wa(z)) and 
v(x) < C(va(y), va(z)) and x xy < z for all w,y,z © X, then A = (ua4,v4) € (T,C)IFI(X). 


Proof. As Proposition 3.4 we get that w4(0) > a(x) and v4(0) < va(a). As xx (xxy) <yso 


a(x) > T(pwa(a * y), wa(y)) and va(x) < C(va(x *« y),va(y)). (From the hypothesis) 
Then A = (4, V4) € (T,C)IFI(X). 


Proposition 3.8. Let A = (wa,va) € [FS(X). Then 
A= (wa,va) € (T,C)IFI(X) => AA = (wa, fia) € (T, C)IFI(X) 


and V7 A= (Va,va) € (T, C)IFI(X) 


such that 74 =1—p, and vg =1—- V4. 


Proof. Let x,y € X. Let A= (wa,v4) € (T,C)IFI(X) then 


HA(O) > wa(x) (1) 
and 
Ma(x) > T(wa(a * y), HaA(y)) (2) 
also 
ia(0) = 1— pa(0) <1— pa(z) = fia(z) (3) 
and 
a(x) =1—pa(x) <1—-T(wa(e*y), wa(y)) = C(Ha(a * y), HA(y)) (4) 
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thus AA = (ja, ia) € IFIN(X). 


Also 
va(0) < va(x) (1) 
and 
va(r) < C(va(a* y),va(y)) (2) 
and 
Va(0) =1—v,(0) > 1—va(x) = Va(x) (3) 
and 
Ya(@) =1—va(x) 2 1—- C(va(e* yy), valy)) = Tale * y), Val) (4) 


thus VA = (¥4,va) € IFIN(X). 
Conversely, let AA = (j14, fia) € (T, C)IFI(X) and VA = (Va,va) € IFIN(X) then we will 
have that A = (44,V4) € (T,C)IFI(X). 


Definition 3.3. We say that A = (a,va) € IF'S(X) is an intuitionistic fuzzy positive 
implicative ideal of BCI-algebra X under norms(t-norm T and t-conorm C) if it satisfies the 
following inequalities: 

(1) wa(0) 2 wa(z), 
(2) pala *z) > T(wal((e* 2) * 2) *(y*2)),Haly)), 
(3) va(0) < va(n), 
(4) va(w xz) < C(val((e% 2) * 2) *(y*2)),valy)), 
for all x,y,z € X. 
Denote by A = (14,4) € (T,C)IFPIT(X), the set of all intuitionistic fuzzy positive implica- 
tive ideals of BC I-algebra X under norms(t-norm T and t-conorm C). 
Example 3.3. Let X = {0,1,2,3} be a set given by the following Cayley table: 


* 


0 
1 
2 


momo WW WIT w 


wn FF O;]O 


2 
0 
0 
0 
3 


wn OO Ol]leF 


3 
Then (X,*,0) is a BC I-algebra. Define A = (14,V4) € IF'S(X) as 


1 ifx=0,3 
Ha(x) = 
& cit ge 1,2 
and 
0 ifx=0,3 
va(x) = 
s iff=1,2 


such that 0<t+s<1andt,s € (0,1). Let T(a,6) = T,(a,b) = ab and C(a,b) = C, (a,b) = 
a+b-—ab for alla,b € [0,1] then A = (ua4,v4) € (T,C)IFPII(X). 
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Proposition 3.9. Let A = (j14,v4) € IFS(X) and T,C be idempotent. Then A = 
(ua,Vva) € (T,C)IFPII(X) if and only if the set 


Ags ={x € X : A(x) D (s,t)} 
be either empty or a positive implicative ideal of BCT-algebra X for every s,t € [0,1]. 


Proof. Let A = (a,va) € (T,C)IFPII(X) and Agy = {x € X : A(x) D (s,t)} be not 
empty then for any  € A, we have pw4(x) > s and v4(xz) < t so wa(0) > wa(x) > s and 
va(0) < va(x) <¢ thus A(0) D (s,t) which means that 0 € Ag+. 


Also let ((a * z) * z) * (y* z) € Agz and y € Agy. Then 


pale *z) > T(ma(((@ * 2) * z) * (y *z)), Maly) > T(s,8) = 8 


and 

vala* 2) < Clva(((w*2) *2) *(y*2)),valy)) C(t) =t 
thus x * z © Ag,. Then A,+ is a posive implicative ideal of X for every s,t € [0, 1]. 
Conversely, let A, be not empty and be a positive implicative ideal of X for every s,t € [0, 1]. 
Then for any x € As we have A(0) D (s,t) then A(0) D (s,t) and so wa(x) > s and va(a) < t. 


Let s = T(pa(((x * z) * z) * (y* z)), wa(y)) and t = C(va4(((a * z) * z) * (y * z)), va(y)) with 
((a*z) *z)*(y*z) € As, and y € Ast. Thus x * z € As. Therefore 
pala *z) > 8 =T(wa(((e * 2) * 2) * (y * 2), way) 


and 
va(a*xz) <t=C(va(((x * z) * z) * (y * z)), valy)) 
so A = (wa,va) € (T,C)IFPII(X). 


We prove that every (T,C)IFPII(X) will be (T,C)IFI(X) as following proposition. 
Whereas the converse of this proposition may not be true. For this consider the following 
example. 

Proposition 3.10. If A = (a,va) € (T,C)IFPII(X), then A = (Wa,va) € (T,C)IFI(X). 


Proof. Let x,y,z € X and A= (4,v4) € (T,C)IFPII(X). Then 
(1) wa(0) > pa(z), 

(2) wale * z) > T(wa(((e * 2) * z) * (y * z)), aly), 

(3) va(0) < va(z), 

(4) valu xz) S C(va(((a * z) * z) * (y * z)), Va(y))- 

Now in (2) and (4) let z = 0 then 


LA 
LL 


a(x * 0) 2 T(ma(((a * 0) * 0) * (y * 0)), wa(y)) 


and 
va(x *0) < C(va(((x * 0) *« 0) * (y * 0)), va(y)) 
which mean that 
fa(x) > T(ma(x *y), HA(Y)) 
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and 
va(a) < C(va(@ * y, valy)). 
Therefore A = (w4,va4) € (T,C)IFI(X). 


Example 3.4. Consider the BC J-algebra X = {0,1, 2,3, 4} with the following caley table: 


FalOre T <2 23 2A 
0/0 0 0 0 0 
1;};1 0 1 0 0 
2/2 2 0 0 0 
3/3 3 3 0 0 
4/4 3 4 1 0O 


Then (X,*,0) is a BC I-algebra. Define A = (14,4) € IF'S(X) as 


1 ifx=0,2 
pa(x) = 
t ifv=1,3,4 


and 


ie 0 ifa=0,2 
va(x“) = 
s ifx=1,3,4 


such that 0 < t+s < 1 and t,s € (0,1). Let T(a,b) = T,(a,b) = ab and C(a,b) = 
C,(a,6) = a+ 6—ab for all a,b € [0,1] then A = (u4,va) € (T,C)IFI(X) but A 
(ua,Va) € (T,C)IFPII(X) because: as we let « = 4,2 = 3,y = 2 so from p(x * z) > 
T(pa(((x * z) *z) * (y* z)), wa(y)) we get that t > 1 and this is a contradition with t,s € (0,1). 
Proposition 3.11. If A = (wa,va) € (T,C)IFPII(X), then AA = (14, Jia) € (T,C)IFPII(X). 


I 


Proof. Let x,y,z € X. As A= (wa,va) € (T,C)IFPII(X) so 
Ha(0) 2 Ha(z) (1) 
and then 1 — y4(0) < 1 — a(x) then 


tia(0) < pia(z). (2) 


Also 

Ma(@ * z) > T(ma(((x * 2) * 2) * (y* 2), Maly), (3) 
thus 

1— pa(a*z) <1 —T(wa(((@ * 2) * 2) * (y * 2), Hay) 
then 

Ha(w* z) < CL — wa(((@ * z) * z) * (y * z)),1 — waly)) 
then 


fia(a * 2) S$ O(wa(((a * 2) * 2) *(y*2z)), Maly). 4) 
Now (1)-(4) give us that AA = (j14, fia) € (T,C)IFPII(X). 
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Proposition 3.12. If A = (wa,va) € (T,C)IFPII(X), then VA = (Va,va) € (T,C)IFPII(X). 
Proof. Let x,y,z € X. As A= (wa,va) € (T,C)IFPII(X) so 
va(0)<va(x) (1) 
and then 1 — v4(0) > 1—va(a) then 


V4(0) > Va(x). (2) 


Also 

va(a*z) < C(va(((a *z)* 2) *(y*z)),valy)) (3) 
thus 

1—va(a*z) > 1—C(va(((w * z) * 2) * (y * 2), valy)) 
then 

Va(a*z) > T(1—va(((@ * z) * 2) * (y* 2)),1—va(y))) 
then 


Va(w*z) > T(va(((w* 2) *z) * (y*2)), Yay). (4) 


As (1)-(4) so VA = (Wa, a) € IF PIIN(X). 


Proposition 3.13. A = (4,v4) € (T,C)IFPII(X) if and only if AA = (wa, fia) € 
(T, C)IFPII(X) and VA = (va,va) € (T, C)IFPII(X). 


Proof. Use Proposition 3.11 and Proposition 3.12. 


84. (T,C)IFS(X), (T, C)IFI(X), (7, C)IFPII(X) under inter- 
sections, cartesian products and homomorphisms 


Proposition 4.1. Let A = (wa,va) € (T,C)IFS(X) and B = (wp,vp) € (T,C)IFS(X). 
Then AN B € (T,C)IFS(X). 


Proof. Let x,y € X. Then 


thus 
HAnB(& * y) 2 T(tanp(2), HAnB(y)). 
Also 
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vanB(a* y) = C(va(a * y), vB(a * y)) 
< C(C(va(2), valy)), C(va(@), vB(y))) 
= C(C(va(«), va(@)), C(valy), va(y))) 
= C(vans(«), Vans (y)) 
then 
VanB (x *y) < C(vana(2), vane (y)). 
Thus AN B = (wane, Vans) € (T,C)IFS(X). 
Proposition 4.2. Let A = (wa,va) € (T,C)IFI(X) and B = (up,vp) € (T,C)IFI(X). 


Then AN BE (T,C)IFI(X 


Proof. Let x,y € X. Then 


(1) 


so 


so 


LAnB(0) 


VanB(0) 


ys 


LAnB(2) 


=C(v 


= T(a(0), ue (0)) = T(wa(z), ua(2)) 


HanB(O) > fans (2). 


A(0), 48(0)) < C(va(2), vB 


> T(wans(@ * y), ManB(y))- 


VanB(0) < VAnB(2). 
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then 


VanB(a) < C(vans(# *y), VanBly))- 


Now (1)-(4) give us that AN B= (Wanp,vanp) € (T,C)IFI(X). 


Proposition 4.3. Let A = (wa,va) € (T,C)IFPIT(X) and B = (up, vp) € (T, C)IFPII(X). 
Then AN B € (T,C)IFPII(X). 


Proof. Let x,y,z € X. Then 


(1) 
HanB(0) = T(ua(0), ue (0)) = T(ua(2), MB (x)) = Hane (2) 
thus 
LanB(0) > Hans(#). 
(2) 


Hane (a * 2) = T(wa(a * 2), a(x * 2)) 
2 T(T(wa(((w * 2) * 2) * (y * 2), waly)), T (me (((a * 2) * 2) * (y * 2)), May) 
= T(T(wa(((w * 2) * 2) * (y * 2), ma (((@ * 2) * 2) * (y * 2), T(ua(y), Maly) 
= T(wans(((a * 2) * z) * (y * z))), HanB(y)) 


so 


Hans (a * 2) > T(wane(((# * 2) * 2) * (y * z))), Haney): 


VanB(0) = C(va(0), uB(0)) < C(va(x), vB(2)) = Vane (2) 
so 


VanB(0) < VAnB(2). 


(4) 


Vanp(&£ * z) = C(va(x * Zz), UpB(a * Z)) 
< C(C(va(((a * z) * 2) * (y * z)), valy)), Cua (((a * 2) * z) * (y * 2)), uB(y))) 
= C(C(va(((a * z) * 2) * (y * z)), vB(((a * 2) * 2) * (y * z))), C(vay), vB(y))) 
= C(vanp(((# * 2) * 2) * (y * z))), VanB(y)) 


so 


VanB(a * z) < C(vans(((# * 2) * 2) * (y * 2), VanBly)): 


Now (1)-(4) give us that AN B = (Wane, Vans) € (T, C)IFPII(X). 


Proposition 4.4. Let A = (wa,va) € (T,C)IFS(X) and B = (we,vp) € (T,C)IFS(Y). 
Then Ax B € (T,C)IFS(X x Y). 
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Proof. Let (1,1), (2, y2) € X x Y. Then 


(HAxB)((@1, 41) * (€2, Y2)) = (MAx B) (21 * £2, 41 * Y2) 

= T(ua(@1 * £2), MB(Y1 * Yo)) 

2 T(L(ua(@1), Ha(@2)), T(wa(y1), HB (y2))) 
= T(T(ua(@1), eB (y1)), T(Ha(©2), HB (y2))) 
= T(HaxB(21, 91), HAx B(£2, Y2)) 

thus 
MAx B((@1, 91) * (€2, y2)) 2 Tax B(1, 91), HAx B(£2, 2): 
Also 


(vax B)((@1, 1) * (€2,Y2)) = Vax B)(@1 * F2, 41 * Y2) 
= C(va(@1 * £2), UB(Y1 * Y2)) 
< C(C(va(21), va(2)), C(vB(y1), vB (y2))) 
= C(C(va(21), vB(y1)), CVa(@2), vB (y2))) 
= C(vaxB(%1,Y1),VAx B(2, Y2)) 
then 
Vax B((@1, y1) * (€2, y2)) < C(vax (11, Y1), YAxB(£2, Y2)). 


Therefore 
Ax B= (axB,Vaxe) € (T,C)IFS(X x Y). 


Proposition 4.5. Let A = (44,v4) € (T,C)IFI(X) and B = (up,ve) € (T,C)\IFI(Y). 
Then A x B € (T,C)IFI(X x Y). 


Proof. Let (7, y) € X x Y. Then 
HaAxB(0,0) = T(ua(0), we (0)) = T(wa(z), uB(y)) = Max B(2, y) 


and 
vax B(0,0) = C(va(0),vB(0)) < C(va(z), va(y)) = vax a2, y): 


Also let x; € X and y; € Y for i = 1,2. Now 


Ax B(%1,Y1) 


HaA(@1 * £2), MB(Y1 * Y2)), T(wa(x2), MB(Y2))) 


HAx B(@1 * £2, Y1 * Y2), MAx B(L2, y2)) 
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= T(Max B((21,91) * (2, Y2)), MAx B(L2, Yy2)) 
thus 


MAxB(%1, 41) > T(Max B( (1; 91) * (2, Y2)), Max B(®2, Y2))- 
Also 


Vax B(©1, 1) 
C(va(21 * £2), V4(@2)), C(va(M * ¥2), VB(¥2))) 

(va(@1 * £2), UB(y1 * Y2)), C(Va(@2), VB(Y2))) 
© * £2, Y1 * Y2), VAx B(X2, Y2)) 


(x1, y1) * (%2, Y2)), YAx B(2, Y2)) 


—_~ 


thus 


YVAxB(®1, 91) < C(vax B((£1, Y1) * (%2, Y2)), VAx B(®2, Y2)). 
Therefore 


Ax B= (waxp,vaxp) € (T,C)IFI(X x Y). 


Proposition 4.6. Let A = (wa,va) € (T,C)IFPII(X) and B = (up,vp) € (T,C)IFPIT(Y). 
Then A x B € (T,C)IFPII(X x Y). 


Proof. Let (a, y) € X x Y. Then 


HaAx B(0,0) = T(Ha(0), wa (0)) = T(Ha(2), uB(y)) = Max Ble, y) 
and 

vax B(0,0) = C(va(0),vB(0)) < C(va(z), vB(y)) = vaxB(z,y)- 
Also let (21, x2), (y1, y2), (21, 22) © X x Y. Then 


Ax B((1, G2) * (21, 22)) = Wax B(@1 * 21, Lo * 22) = T(pa(a1 * 21), UB (2 * Z2)) 


T(T(wa(((x1 * 21) * 21) * (yr * 21), HA(Y1)), TMB ( (2 * 22) * 22) * (Y2 * 22)), MB(Y2))) 
T(T(wa(((x1 * 21) * 21) * (yr * 21)), MB(((@2 * 22) * 22) * (Yo * 22))), T(wa(y1), HB(Y2))) 
= T(maxB(((a1 * 21) * 21) * (Yt * 21), ((@2 * 22) * 22) * (Yo * 22), MAxB(Y1, Y2)) 


= T(HaxB((((@1, £2) * (21, 22)) * (21, 22)) * (yi, Yo) * (41; 22))), MAx B(Y1, Y2)) 


therefore 


MAx B((%1, ©2)*(21, 22)) = T(maxe((((@1, 22) *(21, 22))* (21, 22))*((Y1, yo)*(21, 22))), MAxB(Y1, 2): 
Also 


Vax B((£1, £2) * (21, 22)) = Vax B(L1 * 21,2 * 22) = C(va(a1 * 21), UB(X2 * z2)) 
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< O(C(va(((@1 * 21) * 21) * (i * 21), Ya(y1)), C (UB (((w2 * 22) * 22) * (Yo * 22), UB(Y2))) 
= O(C(va(((@1 * 21) * 21) * (Yn * 21), UBC (Wa * 22) * 22) * (Yo * 22))), C(valyn), UB(Y2))) 
= C(vaxB(((@1 * 21) * 21) * (ys * 21), ((W2 * 22) * 22) * (Yo * 22)), Vax B(Y1s Y2)) 
= C(vaxp((((@1, @2) * (21; 22)) * (21, 22) * (U1 Ya) * (41; 22))), Vax B(Y1s Y2)) 
therefore 
VAx B((®1, @2)*(41, 22)) S C(VaxB((((a1, 2) *(21, 22))* (215 22) *((Y1 Ya) * (41, 22)))s Vax B(Y1s Y2)): 


Therefore 
Ax B= (jaxp,Vaxp) € (T,C)IFPI(X x Y). 


Proposition 4.7. If A = (wa,va) € (T,C)IFS(X) and y: X > Y be a homomorphism 
of BCI-algebras, then y(A) € (T, C)IF'S(Y). 


Proof. Let y1,y2 € Y and x1, x2 € X such that y(21) = y: and y(x2) = ya. Then 
p(wa)(yi * y2) = sup{pa(@1 * L2) | 21,22 © X, 9(@1) = y1, p(T2) = yo} 


> sup{T(wa(#1), wa (#2) | 11,22 € X, p(@1) = m1, p(v2) = yo} 
= T(sup{Ha(21) | a1 € X, 9(21) = yi}, sup{wa(r2) | v2 € X, (x2) = y2}) 
= T(y(ua) (yr), p(Ha)(y2)) 


thus 
p(wa)(yi * y2) = T(y(uHa)(1), (Ha) (Y2)). 


Also 
p(va)(yi * y2) = inf{v4 (x1 * 2) | 21,22 © X, y(271) = y1, Y(@2) = yoh 
< inf{C(v4(a1),va(x2) | v1, 22 © X, (41) = y1, p(Z2) = yo} 
= C(inf{wa(x1) | v1 € X, p(x1) = yi}, inf{va(x2) | v2 © X, p(x2) = y2}) 
= C(p(va)(y1), (MA) (Y2)) 
SO) 
g(va)(Y * ¥2) < C(y(va)(y1), P(Ya) (Y2))- 


Then (A) = (y(ua), y(va)) € (T, C)IFS(Y). 


Proposition 4.8. If B = (we,ve) € (T,C)IFS(Y) and »: X > Y be a homomorphism 
of BCI-algebras, then y~!(B) € (T,C)IFS(X). 
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Proof. Let 21,22 € X. Then 


> T(us(e(21)), ua(y(*2))) 
= T(y*(ue)(21), 9 * (WB) (x2) 
thus 
y* (up) («1 * @2) > T(y*(uB)(21), 9 * (UB) (a2). 
Also 


vB(9(«1)),vB(y(#2))) 
e*(ve)(21),e (vB) (x2) 
then 
gy *(vp)("1 * 22) < C(y™* (ve) (21), ¢*(vB)(22)). 
Therefore y~!(B) = (y7!(up), 1 (vg)) € (T,C)IFS(X). 


Proposition 4.9. If A = (#4,va) € (T,C)IFI(X) and y: X > Y be a homomorphism 
of BCI-algebras, then y(A) € (T,C)IFI(Y). 

Let x € X and y€Y with v(x) = y. Now 

p(ua)(0) = supta(0) | 0 € X, p(0) = 0} = suptya(@) | @ © X, e(@) = y} = v(ua)(y) 


thus 
y(uwa)(0) = p(wa)(y) 


and 
p(va)(0) = inf{v4(0) | 0 € X, p(0) = 0} < inf{va(x) | x € X, p(x) = y} = v(va)(y) 
then 
p(va)(0) < y(va)(y)- 
Also let 2,21 € X such that p(x) = y, p(41) = m1. Then 
p(ua)(y) = sup{ua(x) |  € X, (x) = y} 
> sup{T (a(x * £1), wa(21)) | e271 € X, p(x) = y, p(a1) = mi} 
= T(sup{Ha(x * 21) |v, 21 € X,9(x) = y, 9(21) = yi}, sup{wa(21) | t1 € X,9(21) = yf) 


= T(sup{ya(# * 21) | #21 € X,p(e* a1) = y* yi}, sup{wa(er) | e1 € X,p(@1) = wi} 
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= T(y(ua)(y * 91), P(A) (Y2)) 
therefore 
e(ua)(y) = T(p(ua)(y * 91), (Ha) (Yr): 


And 
y(va)(y) = inf{va(x) | c € X,9(x) = y} 
< inf{C(va(a * x1), va(21)) | x, 21 € X, p(x) = y, p(21) = yr} 
= Clinf{v4(x * 21) | 2,01 € X,p(z) = y, p(21) = yi}, inf{va(a1) | t1 € X,9(@1) = m1}) 
= C(inf{va(a * 21) | v,a1 © X,p(a* a1) = y * yr}, inf{va(ai) | a1 © X, yp(a1) = yi} 
= C(p(va)(y * 1), Pa) (M1) 


thus 


g(va)(y) < C(y(va)(y * y1), P(VA)(Y1))- 


Therefore y(A) = (y(t), y(va)) € (T,C)IFI(Y). 
Proposition 4.10. If B = (ug,ve) € (T,C)IFI(Y) and py: X > Y be a homomorphism 
of BCI-algebras, then y~1(B) € (T, C)IFI(X). 


Proof. Let x € X. Then 


and 


Let x,a, € X. As 


ge *(uB)(2) = Ha(y(a)) 
2 Tua (e(@) * e(@1)), He (y(@1))) 
= Tua (e(@ * 21)), ua(e(21))) 
=T(p"(up)(« * 21), 9” (HB) (21) 


so 


y*(up)(x) > T(y"* (us) (x * @1),7 *(uB)(21)) 


and 
gy *(vB)(2) = va(y(2)) 
< C(va(y(2) * o(21)), va(o(@1))) 
= C(va(y(a * 1), va(e(21))) 
= C(p™'(vp)( * #1), 9 * (YB) (21) 
thus 


ge" (vp) (2) < C(p" (va)(w * #1), @*(YB)(21)). 


Therefore y~!(B) = (p7!(us), ep '(ve)) € (T,C)IFI(X). 
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Proposition 4.11. If A = (uwa,va) € (T,C)IFPII(X) and py: X > Y be a homomor- 
phism of BC I-algebras, then y(A) € (T, C)IFPII(Y). 
Let x € X and y€Y with v(x) = y. Now 
p(ua)(0) = sup{a(0) | 0 € X, p(0) = 0} > sup{ua(x) | # € X, p(x) = y} = v(ua)(y) 
thus 
e(ua)(0) = p(wa)(y) 


and 
p(va)(0) = inf{v4(0) | 0 € X, p(0) = 0} < inf{va(z) | x € X, p(x) = y} = v(va)(y) 
then 


y(va)(0) < y(va)(y)- 

Also let x; € X such that y(x;) = y; and i = 1,2,3. Then 
p(ma) (yi * y2) = sup{HaA(@1 * ©) | i © X, p(xi) = yi} 
> sup{T (wa(((x1 * £2) * £2) * (x3 * F2)), WA(x3)) | i © X, p(ei) = yi} 

= T(sup{pa(((x1 * v2) * 2) * (73 *22)) | vi © X, p(xi) = yi}, sup{wa(as) | v3 © X, p(w3) = ys}) 
= T(p(Ha)(((yi * Y2) * ya) * (ys * y2)), P(HA) (Ys) 

therefore 

p(wa)(yi * y2) = T(y(ma)(((y1 * yo) * ¥2) * (Ys * y2)), P(A) (Ys): 


And 
plva)(yi * yo) = inf{v4(x1 * 2) | 1 € X, p(zi) = yi} 
< inf {(C(va(((w1 * 2) * 2) * (a3 * #2)), wa(a)) | ti € X,p(2i) = yi} 
= Clinf{va(((x1 * £2) * £2) * (x3 * Za) | a EX, 9(@i) = yi}, inf{va(zs) | v3 € X, ples) = ys}) 
= C(p(va)(((ya * Y2) * ¥2) * (Ys * Y2)), (Va) (Ys) 
therefore 
p(va)(ys * ¥2) S C(y(va)(((y1 * Ya) * Ya) * (Ys * y2)), P(Ya) (Ys): 


Therefore y(A) = (y(t), y(va)) € (T,C)IF PITY). 
Proposition 4.12. If B = (ws,vg) € (T,C)IFPII(Y) and py: X > Y be a homomor- 
phism of BCI-algebras, then y~'(B) € (T,C)IFPII(X). 


Proof. Let x € X. Then 


and 
yg *(ve)(0) = va(y(0)) < va(y(2)) = 9 (vB) (2). 


Let 11,%2,73 € X. As 


73 
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T(uB( 
= T(up(y)(((@1 * @2) * 2) * (#3 * £2), Ha (Y(a3))) 
T(p”* (up) (x1 * &2) * v2) * (x3 * £2), 9 (HB) (a3) 


SO) 
y* (up) (a1 * €2) > T(p7*(wa)(((a1 * v2) * w2) * (3 * £2)), P *(wB)(a3)). 


Also 


~)(((x1 * 2) * 2) * (x3 * L2)), UB(Y(as))) 
= C(y"* (vp) (((@1 * 22) * £2) * (w3 * 72)), 97 *(VB)(x3)) 


so 


yp * (vp) (a1 * 2) < C(p* (vB) (((w1 * 2) * £2) * (73 * Z2)), 9 *(VB)(a3)). 


Therefore y~!(B) = (p7!(us), e7'(ve)) € (T,C)IFPII(X). 
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81. Introduction 
For an arbitrary matrix A,» = (A‘;) its characteristic polynomial [1-3}: 
pA) =X" + aA" * +. HapliA + an, (1) 


can be obtained, through several procedures [1,48], directly from the condition det (A‘;—Ad4) = 
0. The method of Leverrier-Takeno [4,9-13] is a simple and interesting technique to construct 
(1) based in the traces of the powers A”, r = 1,...,n. 

On the other hand, it is well known that an arbitrary matrix satisfies its characteristic 


equation, which is the Cayley-Hamilton-Frobenius identity [1-3, 14]: 
A” +a, A"! + ...4n-1A + anl = 0. (2) 
If A is non-singular (that is, det A £0), then from (2) we obtain its inverse matrix: 


1 
At=- re (3) 


an 
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where a, # 0 because a, = (—1)” det A. 


Faddeev-Sominsky [15-24] proposed an algorithm to determine A~! in terms of A” and 
their traces, which is equivalent [23] to the Cayley-Hamilton-Frobenius theorem (2) plus the 
Leverrier-Takeno’s method to construct the characteristic polynomial of a matrix A. In Sec. 
2, we use the Faddeev-Sominsky’s procedure to deduce the Lanczos expression [25] for the 
resolvent of A [20,21, 26,27], that is, the Laplace transform of eap (tA) [28]. 


§2. Leverrier-Takeno technique 
If we define the quantities: 


dg =1, sp=trA® k=1,2,...,n (4) 


then the approach of Leverrier-Takeno [4, 9-13] implies (1) wherein the a; are determined with 
the Newton’s recurrence relation: 


TAp + 814p_1 + SoGp_o t+... + $p_14, +8, =0, r=1,2,...,n (5) 
therefore: 
a, = —S§], 2! ag = (s1)? — §2, 3! a3 = (81)? t 35152 253, 
4a, = (s,)4 _ 6(s1)?82 + 85153 + 3(s2)? — 684, (6) 


5! as = —24s5 — (81)? + 10(s1)?s2 — 20(s1)83 — 15(s2)*s81 + 308154 + 205283, etc, 


in particular, det A = (—1)"a,,, that is, the determinant of any matrix only depends on the 
traces s,, which means that A and its transpose have the same determinant. In [29-31] we find 
the general expression: 


8s, k-l 0 0 
52 S1 k-—2 0 
—1)* 
an = ( = ’ k= 1, nN, (7) 
Sk-1 Sk-2 1 
Sk Sk-1 wate weer ST 


which allows reproduce the values (6). 


We can exhibit a relation to determine the coefficients a; via the complete Bell polynomials 
[8, 32-40], in fact, we have the following representation [8]: 


ml dm = Yin( O!s,, —L!so, —2!s3, Bhs, 225 (12 — 2)!5m—1, “(112 = 1)! (8) 
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79 


such that [37, 41]: 


("oar (™p") ae 
Se a a 
0 —1 
Vin (013055, mn) = 
0 0 
0 0 


therefore: 


(s 


Ce 


aa 


)fm-1 Ce 
)tm—-2 (moa 


)tm—3 (hos 


Yo=1, Yi=21, Yo=27+22, 


)an 
)en-1 


Vin 


Y3 = 23 +3 21234 23, Yq = af +6 v2no +4 91234+3 02 4 x, 


Ys = ce +10 £x9 +10 2243 +15 1125 +5 41%4+ 10 9734 45, 


(10) 


We see that (8) and (10) imply (6) if we employ x, = —s1, v2 = —S2, 3 = —283, v4 = —684, 


L5 = —24s5, ... It is simple to prove that (9) with x, = —(k— 1)! sz gives (7), thus the coef- 


ficients of the characteristic polynomial (1) are generated by the (exponential) complete Bell 


polynomials. 


In the Newtons formula (5) the quantities s, are known, and the a, are solutions of the 


triangular linear system [42-44]: 


Anxn (@;)nx1 = 


1 0 0 fey. cee. OD 
S| 2 0 fe eis wD 
52 S1 
0 
Sn—1 Sn—-2 Sn-3 S51 on 
then: 

ay 
—_A-1 

an 
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(12) 


80 J. D. Bulnes, N. Islam and J. Lépez-Bonilla No. 1 


which gives the opportunity to invert a triangular matrix via interesting algorithms applying 
the Faddeev-Sominsky method [15-24], matrix multiplication [45,46] or binomial series [47]. 
§3. Faddeev-Sominsky procedure 


The Faddeev-Sominsky’s technique to obtain A~! is a sequence of algebraic computations 
on the powers A” and their traces, in fact, this algorithm is given via the following instructions: 


By, =A, q = tr By, C,=Bi-aql, 


1 
By =C, A, = 5 tr Bp, Cy = Bo — gal, 


(13) 
Bn-1 = Ch—2 A, dn-1 = 1 tr Bn-1, Ch = By 17 4n 1, 
n— 
1 
By = Cn_1 A, dn = — tr Bn, 
nr 
then: ; 
Atl=— i ds (14) 
Qn 


For example, if we apply (13) for n = 4, then it is easy to see that the corresponding gq, imply (6) 
with q; = —a,, and besides (14) reproduces (3). By mathematical induction one can prove that 
(13) and (14) are equivalent to (3), (4) and (5), showing [23] thus that the Faddeev-Sominsky’s 
technique has its origin in the Leverrier-Takeno method plus the Cayley-Hamilton-Frobenius 


theorem. 


From (13) we can see that [26]: 
Cy = A¥+a,A*-1+0,A"-7+...40,-1A+anl, k=1,2,...,.n-1, Cp = Bn—-drl =0, (15) 
and fork =n-1: 
Cap a Ad aia pag A a, pA a lS aA 


in harmony with (14) because a, = —qn. The property C, = 0 is equivalent to (2); if A is 
singular, the process (13) gives the adjoint matrix of A [2,3,16], in fact, Adj A = (—1)"*1C,,_1. 


If the roots of (1) have distinct values, then the Faddeev-Sominsky’s algorithm allows 
obtain the corresponding eigenvectors of A [6]: 


Aiiz = Akitk; k= 1, 2, vey TL, (16) 
because for a given value of k, each column of: 


Qn = APA + AP ACL +. + Cn-1- (17) 
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satisfies (16) [16, 18,27], and therefore all columns of Q, are proportional to each other, that 
is, rank Q, = 1 [18]; we note that Q, = Q(Ax) with the participation of the matrix: 


Q(z) = 21 T + 2" -2C, + 2302 +... + 2Cn-2 + Cr-1- (18) 


By synthetic division of two polynomials [1]: 


n-1 
ey = 9 (» + ayo! 4agar 2 4. Fp A + ) ee 
r=0 


then under the change 4 — A we obtain the Lanczos expression [25] for the resolvent of a 
matrix [20, 21, 26, 27]: 


 — i Ss Sais — Q(a) 
See ey va 


if A is non-singular, then [19] for z = 0 implies (14). McCarthy [48] used (19) and the Cauchy’s 
integral theorem in complex variable to show the Cayley-Hamilton-Frobenius identity indicated 
in (2); the relation (19) is the Laplace transform of exp (tA) [28]. 


On the other hand, Sylvester [49-52] obtained the following interpolating definition of 
pA: ; 7 
Apt 
= dfs fO DN eo eae (20) 
which is valid if all eigenvalues are different from each other. Buchheim [53] generalized (20) to 
multiple proper values using Hermite interpolation, thereby giving the first completely general 


definition of a matrix function. From (19) and (20) for f(s) = 1/(z—s) we deduce the properties: 


n 


=> TT kG -m), a= TE (4-an) 


j=l k=1,k4j k=1,k4j 


@%= T] Q-rx)a, (21) 
k= kéj 

hence the eigenvectors of A showed in (16) also are proper vectors of the matrices Q;. Besides, 

from (16) and (21): 
AQ a= |] Oy = Ae) Ay =AjQ; Uj, AQ) =; Q; (22) 

k=1kAj 

that is, each column of Q, is eigenvector of A with proper value A;. The resolvent (19) implies 
the relation (A—z1I)Q(z) = —p(z)J, then (A—AxI) Q(x) = —p(An)L = 0 in according with (22). 


From the Sylvester’s formula (20) with f(z) = p(z) we obtain p(A) = 0, which is the 
Cayley-Hamilton-Frobenius theorem indicated in (2). If f(z) = e’*, then (20) allows to con- 
struct exp (tA) that, in particular, is valuable to determine the motion of classical charged 
particles into a homogeneous electromagnetic field, and to integrate the Frenet-Serret equation- 
s with constant curvatures [54]. In [51,55] we find that the book of Frazer-Duncan-Collar [56] 
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emphasizes the important role of the matrix exponential in solving differential equations and 


was the first to employ matrices as an engineering tool, and indeed the first book to treat 


matrices as a branch of applied mathematics. 
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Abstract For any integer k > 1, denoting by [1,2,--- ,&] the least common multiple (LCM) 
of the integers 1 through k, the Smarandache LCM function, denoted by SL(n), is defined 
as the minimum & such that n divides [1,2,...,4]. Also, the pseudo Smarandache function, 


m(m+1) 
er ree 


denoted by Z(n), is defined as the minimum m such that n divides This paper 


considers two Diophantine equations involving the functions SL(n) and Z(n), namely, the 
equations Z(n) = SL(n) and Z(n) + SL(n) =n. 
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§1. Introduction and preliminaries 


The pseudo Smarandache function Z(n), introduced by Kashihara [1], is defined as follows: 
Z(n) = min {m:n divides mur FA) y 
Some elementary properties of Z(n) have been studied by Kashihara [1], Ibstedt [2], Ashbacher 
[3] and Majumdar [4, 5]. For a recent review of the pseudo Smarandache function, we refer the 
reader to Liu [6]. 
The Smarandache LCM function, denoted by SL(n), is defined as 
SL(n) = min {k > 1: n divides [1,2,--- ,k]}, 
where [1,2,--- ,&] is the least common multiple (LCM) of the integers 1,2,--- ,k for any k > 1. 
The reader is referred to Xiaolin Chen [7] for a brief survey on the Smarandache LCM 
function. An explicit expression of SZ(n), due to Murthy [8], is given in the following lemma. 
Lemma 1.1. Let n = p}'p5?--- pe” be the (unique) representation of the integer n in terms 
of its r prime factors p,,p2,--- ,pr. Then, 
SL(n) = max {p}*,p3?,--+ , per}. 
Clearly, SL(p) = p for any prime p > 2. Using Lemma 1.1, we may derive the following 
values of SL(n) : 
SL(1) = 1, SL(2) = 2, SL(3) = 3, SL(4) = 4, SL(5) = 5, SL(6) = 3, 
SL(7) =7,SL(8) = 8, SL(9) = 9, SL(10) = 5, SL(11) = 11, SL(12) = 4, 
SL(13) = 13, SL(14) = 7, SL(15) = 5, SL(16) = 16, SL(17) = 17. 
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Murthy [8] proposed the solution of the Diophantine equation S(n) = SL(n), where S(n) 
is the Smarandache function. The complete solution of the equation has been given by Maohua 
[9]. This paper considers the following two Diophantine equations: 

Z(n) = SL(n), (1.1) 
Z(n)+ SL(n) =n. (1.2) 
In connection with the equation (1.1), we would need the following results, proofs of which are 
given in Majumdar [4]. 
Lemma 1.2. Let p(> 3) be a prime and let n(> 1) be an integer such that 2n divides p+ 1. 
Then, Z(np) = p. 
Lemma 1.3. Let p(> 3) be a prime and let n(> 1) be an integer such that 2n divides p? + 1. 
Then, Z(np?) = p?. 


Xin Xu [10] considers the Diophantine equation (1.2). This paper follows a simple approach 
to the solution of the equation. To do so, we would need the following result. Theorem 4.2.2 
in Majumdar [4] gives a method of finding Z(pq), where p and q(> p) are distinct primes. We 
follow the same method to find Z(2*p%) for some special cases in the lemma below. 
Lemma 1.4. Let the integer n be of the form n = 2*p*, where p > 3 is a prime, and k > 1 
and a > 1 are integers. Then, 
(i) Z(n) = p*(2* — 1), if 2* divides (p* — 1) but 2*+! does not divide (p* — 1), 
(ii) Z(n) = 2° (p* — 1), if p® divides (2* — 1), 
(iti) Z(n) = p* — 1, if 2**1 divides (p% — 1). 
Proof. Since 
Z(n) = Z(2*p*) = min {m: 2*p* divides TE) 
the following two possibilities may arise : 
Case 1. When 2*+! divides m, p* divides (m +1). 
In this case, there are integers x > 1 and y > 1 such that 
m = 2*+ly m+1= pty, 
which lead to the combined Diophantine equation : 
p%y —2't1y = 1. (1) 
Case 2. When 2*+! divides (m+ 1), p® divides m. 
Then, there are integers x > 1 and y > 1 such that 
m+1=2'+!y, m= p%y, 
so that the combined Diophantine equation is 
Qk+ly — pty = 1. (2) 
Now, we consider the following three possible cases. 
(i) Let 2* divide (p* — 1) but 2*+! does not divide (p* — 1). Then, 
p® — 1 = 2*b for some integer b > 1,b 4 2. 
Therefore, the equations (1) and (2) can be recast as 
(2*b + 1)y— 2*t1y = 1, 2812 — (2*b + 1)y =1, 
that is, 
2* (by — 22) +y =1, 
2* (2x — by) —y =1. 


In this case, the minimum solution, obtained from (4), is as follows : 


—_~ 
em w 
we a 
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Qe — by =1,y=2* -1, 
Thus, the minimum m is m = p%y = p%(2* — 1). 
(ii) Let p® divide (2* — 1). Here, 
2k — 1 = p%e for some integer c > 1. 
Then, the equations (1) and (2) become 
p?y — 2(p%c + 1)ax = 1, 2(p%ce + 1)a — p*y = 1, 


that is, 
p(y — 2cx) — 27 = 1, (5) 
p*(2cx — y) + 2a = 1. (6) 
The minimum solution, obtained from (5), is 
y — 2ex = 1,22 = p* — 1. 
Consequently, the minimum m is m = 2**+1x = 2*(p* — 1). 
(iii) Let 2+! divide (p* — 1). Then, 
p® —1=2*+1a@ for some integer a > 1. 
Then, from the equations (1) and (2), we get 
(2'+19 4 1)y — 2't12 = 1,2" 412 — (2**14 4 1)y = 1, 
that is, 
2*+1(ay—a)+y=1, (7) 
2+1(¢ — ay) —y=1. (8) 


Therefore, the minimum solution is obtained from (7) with 
y=lay—x=0. 
Hence, the minimum m is given by m = p* — 1. 
All these complete the proof of the lemma. 
Lemma 1.5. For any integer a > 1, (1) 3 divides 274 — 1, (2) 3 divides 22¢-! + 1. 
Proof. The proof is by induction on a. The results are true for a = 1. So, we assume that the 
results hold true for some integer a. Now, writing 
gPhorel) = fs Al92e = 1) a8. 
it follows, by the induction hypothesis, that 3 divides 22(¢+") — 1. Again, since 
g2e+1 41 = 4(224-14 1) 3, 
we see that 27+! + 1 is divisible by 3. All these complete the proof by induction. 
Lemma 1.6. For any integer a > 1, (1) 2? divides 5% — 1, (2) 2° divides 574 — 1. 
Proof. The proof is by induction on a. The result is true for a = 1. So, we assume that the 
result is true for some integer a. Now, since 
5etl _ 1 = 5(5% — 1) +4, 
it follows, by the induction hypothesis, that 2? divides 5¢+! — 1. Again, since 
52e+1) | = 95(524 — 1) +24, 
we see that 52(¢+)) — 1 is divisible by 2°. All these complete the proof. 
Example 1.1. Since 2° divides 3? — 1, by part (i) of Lemma 1.4, 7(2?.37) = 32(2? — 1) = 63. 
Also, by part (iii) of Lemma 1.4, Z(27.37) = 3? -1=8. Again, since 3 divides 2? — 1, using 
Lemma 1.5, we get, by part (ii) of Lemma 1.4, Z(2?.3) = 8, Z(2*.3) = 32. 
Example 1.2. Since 2? divides 5 — 1, by part (i) of Lemma 1.4, 7(27.5) = 15. Again, since 5 
divides 2+—1, by part (ii) of Lemma 1.4, 7(2*.5) = 64. Finally, noting that 2° divides 5?—1, and 
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2* divides 5* — 1, we get Z(2?.57) = 24, Z(2°.57) = 175, Z(23.5*) = 624 and 7(2*.5*) = 9375. 


§2. Main Results 


This section gives the solutions of the Diophantine equations (1.1) and (1.2), posed in 
Section 1. First, we consider the equation (1.1). The following theorem shows that the equation 
possesses infinite number of solutions. 

Theorem 2.1. n = kp is a solution of the Diophantine equation Z(n) = SL(n), where p(> 3) 
is a prime and k(> 1) is an integer such that 2k divides (p+ 1). 

Proof. Let n = kp, where p(> 3) is a prime and 2k divides (p+ 1). Then, clearly, p > n, so 
that, by Lemma 1.1, SL(n) = max{k,p} = p. Now, appealing to Lemma 1.2, the theorem is 
proved. 

From Theorem 2.1, note that, in particular, 

Z(2p) = SL(2p) = p for any prime p(> 3) such that 4 divides (p + 1). 

Note that, any p satisfying the condition above must be of the form p = 4a + 3(a > 1). A few 
examples are given below. 

Z(6) = SL(6) = 3, Z(14) = SL(14) = 7, Z(22) = SL(22) = 11. 
It may be mentioned here that, if p(> 3) is a prime and k(> 1) is an integer such that 2k 
divides (p? + 1), then by virtue of Lemma 1.3 and Lemma 1.1, 

Z(kp*) = p? = SL(kp”). 
Thus, for exampley,.Z 5.3") = Sh O37) 37.7 (5.77) = SES. Y= 7,208 = S185) = 
ee 
Theorem 2.2. The Diophantine equation Z(n) + SL(n) =n has the solution 
n = pe, 

where 2” and p® satisfy one of the two conditions (i) and (ii) of Lemma 1.4. 
Proof. With n = 2*p*, by Lemma 1.1, SZ(n) = max{2*,p%}. Now, if the condition (i) of 
Lemma 2.1 is satisfied, then p* > 2", while 2* > p® if the condition (ii) of Lemma 2.1 holds. 
In either case, the given equation is satisfied. 
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81. Introduction 


The pseudo Smarandache square-free function, denoted by Z,,(n), is defined as the smallest 

integer m(> 1) such that n divides m” (see, Russo [1]). That is 

Zw(n) = min m:n divides m", n > 1. 
An alternative definition, due to Smarandache [2] is that, Z,,(m) is the largest square-free integer 
that divides n (that is, the square-free kernel of n). Recall that an integer N(> 0) is called 
square free if for some prime p,p divides N but p? does not divide N. 

Some of the properties of Z,,(m) have been studied by Russo [1], who also posed several 
open problems, some of which were later addressed by Maohua [3], Guan [4] and Li [5]. Russo [1] 
also provides a table of values of Z,,(n) for 1 < n < 100. The first few values of Z,,(n) are 
listed below. 

Zw(1) = 1, Zw (2) (3) = 3, Zu (4) = 2, Zw(5) = 5, Zw (6) = 6, 

Zuy(7) = 7, Zay(8) (9) = 3, Zy(10) = 10, Zi(11) = 11, Z,,(12) = 6, 

Zuy(13) = 13, Zy(14) = 14, Zy(15) = 15, Zw (16) = 2, Zp(17) = 17. 

Since n divides n” for any integer n(> 1), it follows that 
Zw(n) <n for all n > 1. (1.1) 
An explicit expression of Z,,(n) is given in the theorem below (see Russo [1] and Maohua [3}). 


= 2, Zw Lu 
- 2, Zw Lw 


Theorem 1.1. Let n = p{'p5? ---p% be the (unique) representation of the integer n in terms 
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of its r prime factors pi, p2,--- ,pr(a1,Q2,--: , a, being non-negative integers). Then, 

Zw(n) = Pipe +++ Pr. 
From Theorem 1.1, we see immediately that the range of the function Z,,(n) is the set of all 
square-free integers. Using Theorem 1.1, we may derive the following result. 
Lemma 1.1. Z,,(n) is even if and only if n is even. 
Proof. Note that, in Theorem 1.1, Z,,(n) is even if and only if one of the r prime factors is 2, 
and in such a case, n is also even. 


An immediate consequence of Lemma 1.1 is that the equation Z,,(n + 1) = Z(n) has no 
solution. Some of the properties of the function Z,,(n) are given in the following corollary. 
Corollary 1.1. The following properties hold : 

(1) Z..(n)=p1p2..-py for some distinct primes p1, pa, ..., py if and only if n is of the form 
n= pips? ... per for some non-negative integers a1, (2, ..., Qr, 

Zw(n) > 1 for alln > 1 and Z,,(n) = 1 if and only ifn = 1, 

0 ZA) <1 for any n> 1, 


n 


(2) 
(3) 
(4) Z..(p) = p for any prime p > 2, 
(5) Zw(n) = n if and only if n is square-free, 
(6) Z(.) is multiplicative, that is, for any pair of positive integers n and m with (n,m) = 1, 
Zu(nm) = Zy(n)Zw(m), 
(7) Zw(.) is not additive, that is, it is not true that 
Zw(n+m) = Z,(n) + Zy(m) for any positive integers n and m. 
Proof. See Russo [1]. 


Recall that an arithmetic function f(n) is called completely multiplicative if 
f(nm) = f(n)f(m) for all integers n(> 1) and m(> 1). 
The pseudo Smarandache square-free function Z,,(7) is one of the few Smarandache-type func- 
tions that is multiplicative; however, note that Z,,(n) is not completely multiplicative. For 
example, 
Z,,(4) =2 4 Z,; (2) Z,(2)- 
The Smarandache function, denoted by S(n), is defined as follows : 
S(n) = min {m:n divides ml}. 
The function S(n) has been studied to some extent by Ashbacher [6] and Sandor [7]. Some more 
results may be found by Majumdar [8, 9], which also summarizes the significant contributions 
of other researchers as well. For a recent review of the pseudo Smarandache function may be 
found in Liu [10]. 
The pseudo Smarandache function Z(n), introduced by Kashihara [11], is defined as follows : 
Z(n) = min {m:n divides Bee. 
Some of the properties of the function Z(n) have been studied by Kashihara [11], Ibstedt [12], 
Ashbacher [13] and Majumdar [8, 9]. A recent review of the pseudo Smarandache function may 
be found in Liu [14]. 


This paper studies some interesting properties of the pseudo Smarandache Square-free 
function Z,,(n). This is done in Section 3, where some relationships between the function Z,, (7) 
and each of the functions S(n) and Z(n) are established. Some of the problems addressed here 


were listed as open problems in Russo [1]. Some background materials are given in Section 2. 
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We conclude the paper with some remarks and open problems in the final Section 4. 


§2. Background Material 


In this section, we give some background material that would be needed later. We start 
with the lemma below, whose proof is simple and is omitted here. 
Lemma 2.1. For any integer n > 1, 

ged(n,n + 1) = 1, gcd(2n + 1, 2n + 3) = 1, gced(2n, 2(n + 1)) = 2. 
Lemma 2.2. For any integer k > 1, 3 divides 2?* — 1. 
Proof. The proof is by induction on k. The result is clearly true for k = 1. So we assume that 
the result is true for some k. Now, writing 27+) — 1 as follows 
g2(k+1) 1 = 4(9?* — 1) 43, 

we see that 3 divides 2?(*+1) — 1, so that the result is true for k + 1 as well. 
Corollary 2.1. For any integer k > 1, 3 does not divides 27**1 — 1. 
Proof. Since 274+! — 1 = 2(2?* — 1) + 1, the result follows by virtue of Lemma 2.2. 

The two lemmas below gives the forms of S(n) is some particular cases of n. The proofs 
of the lemmas may be found in Majumdar [8]. 
Lemma 2.3. Let n = pf''ps? ... p% be the (unique) factorization of n in terms of its r primes 
factors p1,po,, -.-, Pr (where a1, Qe, ..., @ are non-negative integers). Then, 

S(n) = maz{ S(p%"), $(P82), «5 S(D2")}. 

Corollary 2.2. Spi, po,...,Pr) = max{p1, po, ...,pr} for any distinct primes pj, pa, ..., Pr- 
Lemma 2.4. For any prime p(> 2), S(p) = p, S(p”) = 2p, $(p?) = p? = S(p?*"). 

The following lemma gives the expressions of 7(2p) and Z(3p) for some particular cases of 
the prime p. For proof of the lemma, we refer the reader to Majumdar [8]. 
Lemma 2.5. The following results hold : 
(1) Z(2p) = p for any prime p(> 3) such that 4 divides (p + 1), 
(2) Z(3p) = p for any prime p(> 5) such that 3 divides (p+ 1). 

The two lemmas below, due to Majumdar [8], give explicit expressions of 7(2"), 
Zip \p > 3), 28.2"), 2(52"")\ 7 (6.O"*) and 2). 
Lemma 2.6. For any integer k > 1, 
(1) Z(2*) = 2*+1 — 1, (2) Z(p*) = p* — 1 for any prime p > 3. 
Lemma 2.7. For any integer k > 1, 
(1) 232) = Oght (2) Ab 2"") ~ Dr? ZS 2) = Qakt2 (3) Zoe") = 3,98k+1 


Given a multiplicative function f(n), we can form another multiplicative function using 


the lemma below. 
Lemma 2.8. Let f(n) be a multiplicative function. Let 


Finy= Ye f@. 
d divides n 
Then, the function F'(n) is multiplicative. 


Proof. See, for example, Gioia [15] or Hardy and Wright [16, Theorem 265]. 
Example 2.1. Given the multiplicative function Z,,(n), using Lemma 2.8 above, we can form 


the following new multiplicative function G(n) : 
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Gin)= DT Zw (a). 
d divides n 
Thus, for example, since for any prime p(> 2) has just two divisors, namely, 1 and p, with 


Zw(1) =1 and Z.,(p) = p, it follows that 
G(p) = 1+ := for any prime p(> 2). 
Similarly, to find G(pq), where p and q are distinct primes, note that the only divisors of pq are 
1,p,q and pq, so that 
G(pq) =1+p+q+pq for any two distinct primes p and q. 
Again, since the only divisors of p* (where p(> 2) is a prime and k is any positive integer) are 
1, p, p?,..., p®, it follows that 
G(p") =1+ kp for any prime p(> 2). 
Thus, for example, G(1) = 1,G(2) = 3,G(3) = 4,G(4) = 5,G(5) = 6 and G(6) = 12. Note 
that, as expected, G(2.3) = 12 = G(2)G(3) =3 x 4. 


The main results of the paper are given in the next section. 


§3. Main Results 


This section gives some interesting properties satisfied by the function Z,,(n). By equation 
(1.1), Z,,(2n) < 2n for any integer n > 1. However, we can prove the result below. 
Lemma 3.1. If n(> 2) is an even integer, then Z,,(2n) <n. 
Proof. Let 

n = 2% pp ps? ... Dr? 
where p1, p2,..., Pr are r odd (distinct) prime factors of n. Then, by Theorem 1.1, 
Zw (2n) = 2p po...Dr <n. 
From the proof of Lemma 3.1, we see that 
Zw(2n) < 2n for any odd integer n(> 3). 

Another immediate consequence of Lemma 3.1 is the following. 


with a > 1; a1, Q2,...,a, > 0, 


Corollary 3.1. Z,,(2(p—1)) < p—1 for any prime p > 3. 
The following result is mentioned in Russo [1]. We give here a more general proof. 


Lemma 3.2. k(> 1) being an integer, neither of the equations 
Zw(nr) Zw(nt1) _ 
Z,(ntt) —* 8 Fea =k 


has a solution. 
Proof. Since (n,n +1) = 1, let 


n=pj'ps? ... per,n+1= gf qe? Gb, 
where p1, D2, +++; Pr; V1; G25 +5 ds are (r +8) number of distinct primes, and a1, Q2,...,@, > 0 (not 


all of which are zero) and (1, (2,...,6, > 0 (not all zero) are non-negative integers. Then, 
Zw(r)_ _ pip2..-Pr 
Zw (n+l) 192---ds? 
which shows that the ratio on the R.H.S. cannot be an integer (since, for example, the prime qi 


does not divide any of the r primes in the numerator). By similar reasoning, ac cannot 


be an integer. 


Lemma 3.3. Each of the inequalities fits < land Pts > 1 is satisfied for an infinite 


number of integers n. 
Proof. Let n = 2“ for a > 1. Then, Z,,(n) = 2. Now, since any prime factor of n+ 1 is greater 
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than or equal to 3, it follows that Z,(n +1) > 3. Therefore, with this n, 
Zw (n 2 
ae = 70-91) <1 for anya>l. 
Next, let n +1 = 2° for 8>1. Then, Z,,(n+1) = 2,2Z,(n) = Z,,(2% — 1) > 3. Then, with this 


n 


; 6 
A = Zul =D) 51 for any 8 > 1. 


2 ee) 
The first few terms of the sequence {zoGerp tex are 
222 2°2 2 2 
37.5? 3° 17? 33? 65? 1297" 
: Zw (2"-1 
and the first few leading terms of the sequence {2G }e, are 
3 7 15 31 21 127 
DE DIT QP De? Da Ala Rac) 
: Zw(M) Yoo _ 
while the first few terms of the sequence {ztrpin = 1 are 
12325672 3 10 ll 6 
2°3°2°5) 677293? 10°11? 67 137" * 


Lemma 3.4. For any € > 0, however small, there is an integer n(> 1) such that Buln) 
Proof. Let n = 2" for some integer k(> 1). Then, Buln) — st = Seat: Therefore, given real 
number ¢€ > 0, choose k > ais +1. With this n and k, 
Ait) ee ee, 
n “ gk-1 €. 


For example, if € = 0.001, then choose n = 2! so that 4¥™ = 51, < 0.001. 
Lemma 3.5. |Z (nm +1) — Zw(n)| is unbounded. 
Proof. Let n be a prime of the form n = 4m + 3,m > 1, so that (by Corollary 1.1) Z,(n) = 
4m + 3. Now, by Lemma 3.1, Zw(n +1) > \/2(m +1). Therefore, 
[Zw(n +1) — Z,(n)| = Zu(n) — Zy(n +1) > 4m+3—-./2(m +), 

which may be made arbitrarily large by the proper choice of m such that n = 4m + 3 is prime. 
Lemma 3.6. The equation Z,,(mn) = m*Z,,(n) has an infinite number of solutions. 
Proof. Clearly, the equation is trivially satisfied when m = 1. So, we assume that m > 2. To 
find a solution of the equation 

Zw(mn) = m®*Z,(n) (3.1) 
we proceed as follows : Let gcd(m,n) = 1, so that Z,(mn) = Zy(m)Zy(n). Then, the equation 
(3.1) takes the form Z,,(m)Z(n) = m*Z,,(n), so that we must have Z,,(m) = m*. Then, by 
Theorem 1.1, k = 1; moreover, m must be square-free. Thus, 

k = 1, m is a square-free integer, n is any integer with gcd(m,n) = 1 

is a solution of the equation (3.1). In particular, k = 1,m = 2,n = p (p > 3 being a prime) is 
a solution of the equation (3.1), which shows that the equation possesses an infinite number of 
solutions. 
Lemma 3.7. None of the equations below has a solution : 
(1) Zu(n).Zw(n +1) = Zu (n + 2), 
(2) Zw(n) = Zy(n + 1).Zy(n + 2), 
(3) Zu (n).Zw(n +1) = Zu (n + 2).Zy(n + 3). 
Proof. To prove part (1), we assume that the equation is satisfied for some n, and then we 


would reach to a contradiction. Now, since gcd(n + 1,n + 2) = 1, let 
n+1l= gf 8? ...q2*, ge Os ee 


2 


so that the equation takes the form 
Zw (1) 92---ds = T1T2---Tty 
and we arrive at a contradiction (since neither of the s primes q1, qo, ...,¢s divides any of the t 
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primes 11,12, .--, Tt). 
To prove part (2), let the equation be satisfied for some n. Now, letting 
n = pt p§?..po, n +1 = qi'qs?...ge 
the equation becomes 
P1P2---Pr = 9192---GsZw(n + 2), 
and we reach to a contradiction. 
To prove part (3), let the equation be satisfied for some integer n. Then, letting 
n+1l= gf qf? ...g2*, aPQenlryar”, 
we get 
Zw(1)qiga---s = T172---TeZw(n + 3). 

Now, by Lemma 2.1, if n is odd, so also is n + 2 with (n,n + 2) = 1; on the other hand, if n is 
even, so also is n +2 with gcd(n,n + 2) = 2. In either case, none of the t primes 11,72, ..., 7; 
divides Z,,(n), and we arrive at a contradiction. 
Lemma 3.8. The equation [Z,,(n)]* = kZ(kn) has an infinite number of solutions. 
Proof. There is nothing to prove if k = 1. So, let k > 2. Now, we prove that gcd(k,n) 4 1. 
For otherwise, the equation, after simplification (since Z,,(n) 4 0), becomes 

[Zur Ph kz (h). 
Since in the equation above, only square-free prime factors of the integers n and k appear, we 
must have k = 2, so that 

Zu(n) = 2Zy(2) = 4. 
But there is no integer n satisfying the above condition. Hence, gcd(k,n) # 1. 
Now, let p be a prime factor of k. Since Z,,(kn) is square-free, the prime factor of k appears on 
the R.H.S. of the equation as (at most) second power. Thus, k < 2. With k = 2, the equation 
reads as 

[Zw (n)]? = 2Z,,(2n), 
where n must be even. Then, n cannot have any prime factor greater than 2. Letting n = 
2°,a > 1, it is easy to verify that the above equation is satisfied. 
The proof above shows that, any (non-trivial) solution of the equation [Z,,(n)|* = kZ.(kn) 
must be of the form k = 2,n = 2°,a > 1 being an integer. 


As has been mentioned in Russo [1], the equation Z,,(n) = n has an infinite number of 
solutions, namely, n = p, where p(> 2) is a prime. However, we have the following result. 
Lemma 3.9. If k > 2, then the following equation has no solution : 

[Zw(n)]* + [Zw(n)J*-1 +... + Zw(n) =n. 
Proof. If possible, let the equation have a solution of the form 
nm = pp? ..pr” 
for some integer k(> 2), where py, po,..., pr are the distinct prime factors of n, and aj, Q2,..., dp 
are all non-negative integers. Then, substituting in the equation, we get, after canceling out 


the common factor p;p2...p, on both sides, 


(pip2...Dp)*-1 + (py po...pp)*-? +... 41 = pea epee: 
Then, we must have ay —-1=0=a2—1=...=a,-—1. But then we have 


(pips...pr)*~! + (pips...pr)*~? + ... + pipe..-Pr = 0, 
which is absurd. 
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Since S(p) = p = Z,,(p) for any prime p(> 2), it follows that the Diophantine equation 
S(n) = Z(n) has an infinite number of solutions. Russo [1] asks for composite n satisfying the 
S(n) = Z,,(n). The lemma below answers his question. 

Lemma 3.10. Let n = 2p? where p(> 3) is a prime. Then, $(n) = Z,,(n). 
Proof. By Theorem 1.1, Z(n) = 2p. Now, by Lemma 2.3 and Lemma 2.4, 

S(n) = mazx{S(2), S(p?)} = S(p?) = 2p for all p > 3. 
Hence, S(n) = Zy(n). 

A more general solution to the equation S(n) = Z.,(n) has been given by Guan [4]. The 
following five lemmas gives more relationships involving S(n) and Z,,(n). The first two lemmas 
show that each of the inequalities Z,,(n) > S(n) and Z,,(n) < S(n) is satisfied for an infinite 
number of integers n. 

Lemma 3.11. There is an infinite number of integers n satisfying the inequality Z,,(n) > S(n). 
Proof. Let p and q be two primes with gq > p > 2. Then, using Corollary 2.2, 

Zw(pq) = pq > 4 = S(pq). 
Thus, with such p and q,n = pq satisfies the given inequality. 

Note that, we can find other n satisfying the inequality Z,,(n) > S(n). For example, 
n = pqr also satisfies the inequality, where p,q and r are distinct primes with r > q > p> 2. 
Lemma 3.12. There is an infinite number of n satisfying the inequality S(n) > Z,,(n). 
Proof. We have, using Lemma 2.4, 

S(p?) =p? > p= Zy(p?). 
Therefore, n = p? satisfies the given inequality. 
Since S(p?t') = p? > p = Z,,(p?*"), we see that n = p?*! also satisfies the inequality S(n) > 
Zw(n). 
Lemma 3.13. There is an infinite number of integers n such that S(Z.(n)) = Zw(S(n)). 
Proof. Let p and q be two primes with q > p > 2. Then, 
S(Zw(pq)) = S(pq) = 9, Zw(S(pq)) = Zw(a) = 

so that S(Z(pq)) = Zw(S(pq)). 
Lemma 3.14. The inequality Z,,(S(n)) > S(Zw(n)) is satisfied by an infinite number of n. 
Proof. Let p(> 3) be any prime. Then, by Lemma 2.4, 

Zw(S(p?)) = Z" (2p) = 2p, S(Zw(p?)) = S(p) = p. 
Thus, with n = p” (p > 3 being a prime), the inequality Z,,($(n)) > S(Z(n)) is satisfied. 
Lemma 3.15. The inequality Z,,(S(n)) < S(Z,,(n)) is satisfied by an infinite number of n. 
Proof. Let p and q be two primes with q > p(> 3) such that p? > 2¢. Then, by Lemma 2.3 
and Lemma 2.4, 

S(pPq?) = max{S(p?), $(q?)} = masx{p?, 2g} = p*, 
so that 

Zw(S(p?q’)) = Zw(p*) = p, S(Zw(p?@")) = S(pq) = 4. 

Thus, with this n = p?q’, the inequality Z,,(S(n)) < S(Zw(n)) is satisfied. 


It may be mentioned here that, given any prime p(> 3), there always exists another prime 
q(> p) such that p? > 2q. To see this, it is sufficient to consider the case when p and gq = p+2 
are the twin primes. Now, 

p* > 2(p +2) if and only if p> 3. 
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The following five lemmas involve the two functions Z(n) and Z(n). 
Lemma 3.16. The equation Z,(n) = Z(n) has no solution. 
Proof. If possible, let n = py*p$?...p¢ be a solution of the given equation, where, without 
any loss of generality the r prime factors of n satisfies the inequality p, < pg < ... < pr, and 
Q1,Q2,...,@, are non-negative integers. Then, 
Z(n) = pipa.--Pr, 
so that, by definition, p,p2...p, is the minimum integer such that n divides 


Hence, we must have ay = 1 = ao =... = a,, so that n has the form n = pjpo...p,. If py = 2, 


then n = 2po...p, cannot divide po...p;(pip2..-Ppp +1). On the other hand, if all the prime factors 


of n are odd, then n = p1po...p, divides Pape.-Pr(prp2-Pr— 1) so that Z(n) < pipo...pp — 1, and 
we reach to a contradiction. 
Though the equation Z,,(n) = Z(n) has no solution, the two lemmas below prove that each of 
the inequalities Z,,(n) > Z(n) and Z.,(n) < Z(n) is satisfied by an infinite number of n. 
Lemma 3.17. There is an infinite number of integers n satisfying Z,,(n) > Z(n). 
Proof. Let p > 3 be a prime such that 4 divides (p + 1). Then, using Lemma 2.5, 
Zw(2p) = 2p > p= Z(2p). 
Thus, with such p,n = 2p satisfies the given inequality. 
Lemma 3.16 finds the integer n such that Z,(n) > Z(n). We can find more such n. For 
example, let n = 3p, where p(> 5) is a prime such that 3 divides (p +1). Then, using Lemma 
2.5, we get 
Zw (3p) = 3p > p = Z(3p). 
Lemma 3.18. There is an infinite number of n satisfying the inequality Z(n) > Zy(n). 
Proof. Using Lemma 2.6, we get 
Z(2*) = OF) 159 = Z,,(2") for-any b> 1: 
Let p(> 3) be a prime. Then, using Lemma 2.6, we get 
Z(p*) = p* —1 > p= Z,,(p*) for any k > 2. 
This provides a second example of n such that Z(n) > Z(n). Note that 
Zy(Z(2)) = Z(3) = 3 = Z(2) = Z(Zw(2)), Z(Z(8)) = Zw(2) = 2 = 2(8) = Z(Zu(3)). 
The following lemma proves more. 


Lemma 3.19. The equation Z,,(Z(n)) = Z(Z,,(n)) has an infinite number of solution n. 
Proof. Let p be an odd prime such that 4 divides (p+ 1). Then, using Lemma 2.5, 
Zw(4Z(2p)) = Zw(p) = p; Z(Zw(2p)) = 2 (2p) = p, 
so that for such p, Zy(Z(2p)) = Z(Zw(2p)). 
It is possible to construct other examples of n such that Z,,(Z(n)) = Z(Z,(n)). For example, 
let p(> 5) be a prime such that 3 divides (p+ 1). Then, using Lemma 2.5, 
Zw(Z(3p)) = Zw(p) = p = Z(Zw(3p)) = Z(3p). 

Lemma 3.20. There is an infinite number of integers n satisfying 7(Z(n)) > Zw(Z(n)). 
Proof. By Lemma 2.7, for any k > 1, 

Z(Zy(3.22")) = Z(3.2) = 3, Zy(Z(3.22*)) = Zy, (22441) = 2. 
Therefore, 7(Z(3.22")) > Zy,(Z(3.27*)) for all k > 1. 
To find other n such that Z7(Z,(n)) > Zw(Z(n)), note that, by Lemma 2.7, for any k > 1, 

Z(Zu(5.24*)) = Z(5.2) = 4, Zy(Z(5.24*)) = Zy (24+?) = 2, 
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so that Z(Z,,(5.2*")) > 2, (Z(5.2 
VACA til Os geht) 


4k)) Again, since 
= Z(5.2) =4, Zy(Z(5.24*+1)) = Z,,(24*+2) = 2, 
we see that Z(Z,,(5.24**1)) > Z,,(Z(5.2"*)). Finally, since for any k > 1, 

Z(Zuy(7.23*)) = Z(7.2) = 7, Zuy(Z(7.23*)) = Zw(3.23*+) = 3.2, 
it follows that Z7(Z(7.23")) > Zw(Z(7.23*)). 
Lemma 3.21. There is an infinite number of integers n such that Z(Zw(n)) < Zw(Z(n)). 
Proof. By Lemma 2.6, k > 1, 

Z (Zu (22*)) = Z(2) = 3, Zy(Z(22*)) = Zyy (224+! — 1). 
But, by Corollary 2.1, any prime factor of 2?*+1—1 is greater than 3, so that Z,,(2?*+!—1) > 5 
for all k > 1. Thus, 
Z (Zuy(228)) < Zyy(Z(22*)) for all k > 1. 


§4. Some Remarks 


This paper gives some new results related to the pseudo Smarandache Square-free function 
Zw(n). It addresses some open problems posed by Russo [1]. In several cases, we found multiple 
solutions. For example, two examples are mentioned to illustrate that each of the inequalities 
Zw(n) > S(n) and Z,,(n) < S(n) has an infinite number of solutions. Thus, we may set the 
following problems. 

Problem 4.1. Find all values of n such that Z,,(n) > S(n). 

Problem 4.2. Find all values of n such that Z,(n) < S(n). 

Problem 4.3. Find all values of n such that S(Z,,(n)) = Zy 
Problem 4.4. Find all values of n such that S(Zy(n)) > Zw ' 
Problem 4.5. Find all values of n such that S(Zy(n)) < Zw(S(n)). 
Lemma 3.16 shows that the equation Z,,(n) = Z(n) has no solution; however, it has been 
and Z,(n) < Z(n) has an infinite number 


) — 
proved that each of the inequalities Z,,(n) > Z(n) 
e given. This tempts us to pose the following 


of solutions, and in each case, two examples ar 
problems. 

Problem 4.6. Find all values of n such that Z,,(n) > Z(n). 

Problem 4.7. Find all values of n such that Z,,(n) < Z(n). 

Lemmas 3.19-3.21 involve the functions Z7(Z,,(n)) and Z,,(Z(n)). Two examples are pro- 
vided to demonstrate that Z7(Zu(n)) = Zw(Z(n)), while in support of the inequality 7(Z,(n)) > 
Zw(Z(n)), four examples have been found. We thus reiterate the following problems. 
Problem 4.8. Find all values of n such that Z(Zw(n)) = Zw(Z(n)). 

Problem 4.9. Find all values of n such that Z(Z,,(n)) > Zy(Z(n)). 
Problem 4.10. Find all values of n such that Z7(Z,(n)) < Zw(Z(n)). 

Russo [1] asks the following question. 

Problem 4.11. For what values of k(> 2),m(> 2) and n(> 2) does the functional equation 
[Zw(n)]* + [Zy(n)]F-1 +... + [Zu (n)]?2 + Zy(n) = mn (4.1) 
has a solution? 

We find an answer to Problem 4.11, note that, when k = 1, the equation (4.1) becomes 
Z(n) = mn, so that we must have m = 1 (since, by (1.1), mn = Z(n) <n). So, let k > 2. We 
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now find a partial answer to Problem 4.11 under the assumption that n is a square-free integer, 
so that Z(n) =n. Then, the equation (4.1) takes the form 

net nel +n? +n=mn, 
that is, 

nel 4 nk-24 .4n+1l=m, (4.2) 


which does not have a solution ifm = 1,k > 2. Now, for any k > 2 fixed, the equation (4.2) 


has a solution for any square-free integer n(> 2) if and only if m = ee Thus, for example, 


=I 
when n = 2, the equation (4.1) has a solution only if m = 2* —1;k = 1,2,---. 


% 


The following problem, posed by Russo [1], still remains open. 
Open Problem 4.1. Solve the equation 
Zw (n) + Zy(n +1) = Zy(n + 2). (4.3) 
Clearly, in the equation (4.3) above, all the three integers n,n + 1 and n +2 cannot be square 
free. Now, the L.H.S. is odd, and hence, Z(n + 2) is odd, so that n +2 is also odd. Then, Z(n) 
and n both are odd. Assuming that 
n= py'ps?..pe",nt1= 28 q® gf? gs, n ne ae ine ae (4.4) 
we get 
P1P2---Pr + 24192---Gs = T17T2---Tt; (4.5) 
where the three sets of primes, namely, {p1, po,..., Pr}, {q1, 2, ds} and {r1,7r2,...,7¢} are all 
odd and distinct with 
rytrg? ry = 22 qP! gf? ...g82 +1 = pe pS?...p% +2. (4.6) 
Russo [1] reports that, searching for 1 < n < 1000 such that Z,,(n) satisfies (4.3), only six 
solutions are found, which are as follows : 
Zu (l) + Zp) = Zai(B); ZolB) Zul) = Zee), 
Zuy(15) + Zyj(16) = Zuy(17), Zey(31) + Zey(32) = Zey(33), 
Zuy(127) + Zw (128) = Zuy(129), Zw (255) + Zy (256) = Zy(257). 
Note that, in all of the above six cases, n + 1 is of the form n +1 = 2° for some integer 6 > 1. 
Searching for 1 <n < 100, the solution of the inequality Z,,(n) > Zw(n +1) + Zu(n + 2), the 
following 8 instances have been observed : 
Zw(7) > Zw(8) + Zw(9), Z(23) > Zw (24) + Zy(25), 
Zuy(26) > Zw (27) + Zw (28), Zw (47) > Zw (48) + Zy(49), 
Zw(62) > Zw (63) + Zw (64), Zw (74) > Zw(75) + Zw (76), 
Zw (79) > Zw (80) + Zw (81), Zw(97) > Zw(98) + Zw (99). 
Thus, we have the following problems. 
Open Problem 4.2. Find all values n such that Z,,(n) > Zw(n +1) + Zw(n + 2). 
Open Problem 4.3. Solve the inequality : Z,,(n) < Zy(n +1) + Zy(n + 2). 
In addition, we have the following open problem, posed by Russo [1]. 


Open Problem 4.4. Solve the equation 
Zy(n) = Zyl + 1) + Zay(n +2), (4.7) 
Russo [1] reports that, searching for 1 <n < 1000, no solution of the equation (4.7) has been 
found. Note that the R.H.S. of (4.7) is odd, and hence, Z(n) (and n) is odd, so that Z(n + 2) 
(and n + 2) is also odd. Assuming solution of the form (4.4), we get 
D1P2--Pr = 24142--Gs + TIT2---Tt; (4.8) 
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where the primes p1, po, ..-, Pr, G1; 92; +5 Gs and 11, 72,...,7¢ are all odd and distinct with 
rng... ; ry = = 2B qP*q aes gis 4+] = pp, po +2. 
Searching for 1 < n < 100, ke solution of Z(n + 1) — Z,(n) = Zy(n + 2) — Z(n + 1), the 


following 14 instances have been found : 


Z(2) — Zy(1) = Zw(3) — Zw(2), Z(6) — Zw(5) = Zu (7) — Zw (6), 
Z(14) — Zy(13) = Zy(15) — Zw(14), Z(22) — Zw(21) = Zy(23) — Zy(22), 
Z(30) — Zy(29) = Z(31) — Zy(30), Z(34) — Zy(33) = Zw (35) — Zy (34), 
Z(38) — Zy(37) = Zy,(39) — Zy(38), Z(42) — Z,(41) = Zy(43) — Zy(42), 
Z(58) — Zw(57) = Zw(59) — Zw(58), Z(66) — Z.(65) = Zw (67) — Zy(66), 
Z(70) — Zy(69) = Zy(71) — Zw(70), Z(78) — Zw(77) = Zw(79) — Zw(78), 
Z(86) — Zy(85) = Zu(87) — Zw(86), Z(94) — Zw(93) = Zw (95) — Zy(94). 


We now pose the following problem. 
Open Problem 4.5. Find all values n such that 

Z(n +1) — Zy(n) = Zy(n + 2) — Zy(n + 1). (4.9) 
The equation (4.9) is satisfied if the integers n,n +1 and n+ 2 are all square-free. Assuming a 


solution of the form 


N = Pi Po--Dp, M+ 1 = G1do---ds, N+ 2 =T1"2---Tt; 4.10) 
we get 
D1p2.-Pr + 71%2--Te = 20192---Gs; 4.11) 
where Pj, D2, +++) Prs 15 G25 +3 Iss 11572; ---5 Te are distinct primes with 
1192-+-ds = Pip2---Pr +1, 4.12) 
TQ. = C1d2--Gs +1. 4.13) 
Without any loss of generality, we may assume that 
Pi < pa <1 <P i <2 <M Os T1 S12 Se <p. 4,14) 


Now, if qigq2..-gds is odd, then p;po...p, is even (with p; = 2), so that, qiqo...qs = 2p2..-pr + 1. 
But then from (4.13), rir2...r_y = 2pe...pp + 2 is even (with r; = 2), so that 

2ror3...%, = 2pep3...pr + 2, 
that is, 

To73...%, = pop3...Pr +1, 
and we arrive at a contradiction. Hence, qq9...q¢, must be even, say, q1G2..-ds = 2q293---Qs- 
In the simplest case, Z,(n + 1) = 2q (q is a prime), and then Z,,(n) = p = 2q —1 and 
Zw(n +2) = r = 2q +1 are twin primes. For example, corresponding to q = 3, the solu- 
tion p = 5,r = 7 is obtained. Another possibility is that Z,(n +1) = 2¢,Z,(n) = p = 
2g —1,Zy(n + 2) = rire = 2q¢ +1. Then, corresponding to gq = 7, we get the solution 
(Zw(n), Zw(n + 1), Zw(m + 2)) = (13,14,15), while the solution corresponding to q = 19 
is (Zw(n), Zw(m + 1), Zu(n + 2)) = (37,38,39). The third possibility is that Z,(n +1) = 
2q, Zw(n) = pipo = 2q—1,Zy(n + 2) = r = 2q¢ +1. In this case, corresponding to g = 11, 
we get the solution (Zy(n), Zw(n + 1), Zw(n + 2)) = (21, 22,23), and with q = 29, the so- 
lution (Z,(n), Zy(m + 1), Zy(m + 2)) = (57,58,59). Considering the fourth possibility that 
Zw(n +1) = 2q1¢2, Zw(n) = p = 2q1¢2 — 1, Zu(n + 2) = r = 2q1¢2 + 1, we get the solutions 
(Zw(n), Zw(n +1), Zw(m + 2)) = (29, 30, 31) corresponding to p = 29, and the solution (41, 42, 
43) corresponding to p = 41. The fifth possibility is that Z,,(n +1) = 2q,Zw(n) = pipe = 
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2q —1,Zw(n + 2) = rirg = 2g +1. Here, corresponding to g = 17, 43,47, we get respectively 
the solutions (Z(n), Zu(n + 1), Zw(m + 2)) = (33, 34, 35), (85, 86, 87), (93, 94,95). The sixth 
possibility is that Z,,(n + 1) = 2qiq2, Zw(n) = pipe = 2qig2 —1,Zu(n + 2) = r = 2q4+ 1. 
Examples are the solutions (Z.,(n), Zw(r+1), Zw(n+2)) = (65, 66, 67), (69, 70, 71), (77, 78, 79), 
corresponding to r = 67,71, 79 respectively. 
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81. Introduction 


In 1966, K. Iséki [12] introduced BCK algebras as algebras connected to certain kinds of 
logics. Hundred of papers and the books [16] and [10] were writen on BCK algebras. To solve 
some problems on BCK algebras, in 1983, Y. Komori [13,14] introduced BCC algebras. These 
algebras (also called BIKt-algebras) are an algebraic model of BIK*t-logic and they have been 
widely investigated in literature (see e.g. [2|— [5]). In 2001, G. Georgescu and A. Iorgules- 
cu [6] defined pseudo-BCK algebras as a non-commutative extension of BCK-algebras. The 
paper [6] contains basic properties of pseudo-BCK algebras and their connections with some 
other algebras of logic. Y. B. Jun [11] obtained a characterization of pseudo-BCK algebras. A 
symplified axiomatization of these algebras was given by A. Walendziak in [19]. A. Iorgulescu 
defined and studied reversed BCK-algebras (cf. part I of [10]) and reversed pseudo-BCK alge- 
bras (cf. part II of [10]), see also [9]. The monograph [15] (the habilitation thesis of J. Kihr) 
presents many of the most important results on pseudo-BCK algebras. In 2009, C. Prabpayak 
and U. Leerawat [17] introduced KU-algebras. Later on, in 2017, A. Iampan [8] introduced 
UP-algebras. Recently, D. A. Romano [18] defined pseudo-UP and pseudo-KU algebras as a 
natural generalizations of UP-algebras and KU-algebras, respectively. 

In this paper, we show that UP-algebras are the same as Komori’s BCC-algebras and that 
KU-algebras are reversed BCK-algebras. Moreover, we prove that pseudo-KU algebras are in 
fact reversed pseudo-BCK algebras. 


§2. Results 


We start with the following 
Definition 2.1. ( [8]) An algebra (A,-,0) of type (2,0) is called a UP-algebra if it verifies 


the following axioms: 
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(UP-1) (y-z)-((@-y):(@-z)) =9, 
(UP-2) 0-%=2, 
(UP-3) 2-0=0, 
(UP-4) a-y=0=y-2 L=y. 


We consider here the concept of BCC-algebra defined by Y. Komori as follows: 
Definition 2.2. ( [13,14]) An algebra (A,—, 1) of type (2,0) is called a BCC-algebra if it 
verifies the following axioms: 
(BCC-1) (yz) > ((@ > y) 3 (@ > z)) = 1, 
(BCC-2) low=a, 
(BCC-3) #«>1=1, 
( 
( 


BCC-4) «> y=1l=yror>re=y, 
BCC-5) «#>a=1. 

Remark 2.3. Note that in the papers [2]— [5] on BCC-algebras, the dual notation with - 
and 0 is used. 

Replacing ”.” by "” and ”0” by 1” in (UP-1)-(UP-4), we obtain (BCC-1)-(BCC-4). 
Observe that (BCC-5) follows from (BCC-1) and (BCC-2). Indeed, putting « = y = 1 in 
(BCC-1), we get (l > z) > ((1> 1) — (1 z)) = 1. Hence, by (BCC-2), we have z > z = 1, 
that is, (BCC-5) holds. Conversely, replacing ”—>” by ”-” and” 1” by ”0” in (BCC-1)—(BCC-4), 
we obtain (UP-1)—(UP-4). Then, we have the following 

Theorem 2.4. An algebra is a UP-algebra if and only if it is a BCC-algebra. 

The notion of KU-algebra was defined by C. Prabpayak and U. Leerawat as follows: 

Definicja 2.5. ( [17]) An algebra (A, -,0) of type (2,0) is called a KU-algebra if it verifies 
the following axioms: (UP-2)—(UP-4) and 
(KU-1) (y-2)+((e-2)-(y-2)) =0. 

Now, we recall the definition of a BCK-algebra. 

Definicja 2.6. An algebra (A,*,0) of type (2,0) is called a BC'K-algebra ( [12]) if it 
verifies the following axioms: 

(1) ((z*y)*(z*2)) * (ey) =0, 
(2) (wx (ay) ¥y =O, 
(3) vx*xx=O0, 
(4) awxy=O0=yx*e L=Y, 
(5) Oxxr=0, 
or, equivalently, ( [7]) verifies the axioms: 
(BCK-1) ((z*y)* (z*@)) *(x*y) =0, 
(BCK-2) a2*0=a, 
(BCK-3) 0*2=0 
(BCK-4) aw*xy=O0=yx*e L=y. 
The reversed BCK-algebra is obtained by reversing the operation *, that is, by replacing 


xzx«*y by y= for all x,y. We obtain the following definition: 

Definicja 2.7. ( [10]) A reserved BCK-algebra is an algebra (A,—,0) of type (2,0) 
verifying the following axioms: 
(BCK-1’) (y>2)-((a©> z) > (y> z)) =9, 
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(BCK-2’) 07> a%=2 
(BCK-3’) «#>0=0, 
(BCK-4) xwxay=0=y>u L=y. 
Remark 2.8. R. A. Borzooei and S. Khosravi Shoar [1] defined and investigated dual 
BCK-algebras. Note that these algebras are the same as reserved BCK-algebras. 


Combining Definitions 2.5 and 2.7, we get 

Theorem 2.9. A KU-algebra is in fact a reserved BCK-algebra. 

D. A. Romano introduced the following notion: 

Definicja 2.10. ( [18]) A pseudo-KU algebra is a structure (A, <,-,*,0), where < isa 
binary relation on a set A, - and * are binary operation on A and 0 is an element of A, verifying 
the following axioms: 

(pKU-1) y-a< (+2) *(y-2), yee < (0*2)- (y*2), 
(pKU-2) 0-2=0*«2=2, 

(pKU-3) «<0, 

(pKU-4) (a <yandy<a)=>a=y, 

(pKU-5) uw<y xz-y=0 xcey =O, 

or, equivalently, it is an algebra (A,-,*,0) of type (2,2,0) verifying the axioms: 


(pKU-1') (y-2)*((e-2)* (+2) =0, (y#2)-((e#2)-(yx2) =0, 
(pKU-2’) 0-c#=0*2=2, 

(pKU-3) «-0=2+0=0, 

(pKU-4’) w-y=O0=yx*e L=Y, 

(pKU-5’) x -y=O0—axy=0. 


Now we recall the notion of pseudo-BCK algebra introduced by G. Georgescu and A. 
Iorgulescu as follows: 

Definicja 2.11. ( [6]) A pseudo-BCK algebra is a structure A = (A, <, *,0,0), where < is 
a binary relation on A, * and o are binary operations on A and 0 is an element of A, verifying 
the axioms: 
A-1) (2*y)o(z*2)<axy, (zoy)*x(zoa)<aroy, 
O0<a, 
(c<y and y<a2) = w=y, 


) 
) 
) a<ysSaxy=0 xoy=O0, 
) xe(coy)<y, wo(axy)<y, 
) aca. 

Lemma 2.12. (Theorem 1.6 (9) of [6]) A pseudo-BCK algebra satisfies 
(A-7) a2*0=2=200. 

Proposition 2.13. A structure A = (A,<,*,0,0) is a pseudo-BCK algebra if and only if 
it satisfies (A-1)—(A-4) and (A-7). 

Proof. Let A satisfy (A-1)—(A-4) and (A-7). Putting y = 0 in (A-1), we get (z*0)o(zxa) < 
x *0 and (z00)*(zox) < x00. Applying (A-7), we obtain zo (z* a) <a and z*(zox) <a, 
that is, (A-5) holds. To prove (A-6), we first put y = 0 in (A-5). Then x « (x00) < 0. Hence, 
using (A-7), we have x * a < 0. By (A-2), 0 < «*a. From (A-3) we conclude that x * # = 0. 
Applying (A-4), we see that x < x. Thus A satisfies (A-6). 
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Conversely, let A be a pseudo-BCK algebra. By definition and Lemma 2.12, (A-1)—(A-4) 
and (A-7) hold in A. 
According to the above proposition, we say that (A, *,0,0) is a pseudo BCK-algebra if it 


verifies 
) ((e*y)o(z*x))o (a*y) =0, ((zoy) * (z02z)) * (roy) = 0, 
pBCK-2) x*0=x2=200, 
) 
) 


Oxx=0=0o2, 


r*ey=O0=yor C= y; 


pBCK-5) axy=0—coy=0. 
The reversed pseudo-BCK algebra is obtained by reversing the operations * and 0, i.e., by 
replacing « * y by y > x and roy by y ~ 2, for all x, y (see [9] or [10]). We have 
Definicja 2.14. A reversed pseudo-BCK algebra is an algebra (A, >, ~~, 0) of type (2, 2, 0) 
verifying the following the axioms: 
(pBCK-1’) (y 2) + ((e +2) + (y >) 


0 
0 


>) 


(y~ x) > ((@ » 2) > (y~ 2) 


(pBCK-2’) 09> 2=x2=0~m 2, 
(pBCK-3’) «>0=0=2~0, 
(pBCK-4’) rroy=0=yrnt—2t=y, 
( 


pBCK-5’) «> y=0—an~y=0. 
Combaining Definitions 2.10 and 2.14, we obtain 
Theorem 2.15. A pseudo-KU algebra is in fact a reversed pseudo-BCK algebra. 
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§1. Introduction 


In mathematics and abstract algebra, group theory studies the algebraic structures known 
as groups. The concept of a group is central to abstract algebra: other well-known algebraic 
structures, such as rings, fields, and vector spaces, can all be seen as groups endowed with 
additional operations and axioms. Groups recur throughout mathematics, and the methods of 
group theory have influenced many parts of algebra. Linear algebraic groups and Lie groups are 
two branches of group theory that have experienced advances and have become subject areas 
in their own right. Various physical systems, such as crystals and the hydrogen atom, may be 
modelled by symmetry groups. Thus group theory and the closely related representation theory 
have many important applications in physics, chemistry, and materials science. Group theory 
is also central to public key cryptography. In mathematics, a module is one of the fundamental 
algebraic structures used in abstract algebra. A module over a ring is a generalization of the 
notion of vector space over a field, wherein the corresponding scalars are the elements of an arbi- 
trary given ring (with identity) and a multiplication (on the left and/or on the right) is defined 
between elements of the ring and elements of the module. Thus, a module, like a vector space, 
is an additive abelian group; a product is defined between elements of the ring and elements of 
the module that is distributive over the addition operation of each parameter and is compatible 
with the ring multiplication. Modules are very closely related to the representation theory of 
groups. They are also one of the central notions of commutative algebra and homological al- 
gebra, and are used widely in algebraic geometry and algebraic topology. A vector space (also 
called a linear space) is a collection of objects called vectors, which may be added together and 
multiplied (”scaled”) by numbers, called scalars. Scalars are often taken to be real numbers, but 
there are also vector spaces with scalar multiplication by complex numbers, rational numbers, 


or generally any field. The operations of vector addition and scalar multiplication must satisfy 
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certain requirements. Euclidean vectors are an example of a vector space. In mathematics, giv- 
en a group G, a G-module is an abelian group M on which G acts compatibly with the abelian 
group structure on M. This widely applicable notion generalizes that of a representation of G. 
Group (co)homology provides an important set of tools for studying general G-modules. The 
term G-module is also used for the more general notion of an R-module on which G acts linearly 
(i.e. as a group of R-module automorphisms). Representation theory (G-module theory) has 
had its origin in the 20"” century. In the 19” century, groups were generally regarded as subsets 
of some permutation set, or of the set GL(V) of automorphisms of a vector space V, closed 
under composition and inverse. Only in the 20” century was the notion of an abstract group 
formed, making it possible to make a distincton between properties of the abstract group and 
properties of the particular realizatior as a subgroup of the permutation group or GL(V). Most 
of the problems in economics, engineering, medical science, environments etc. have various 
uncertainties. We cannot successfully use classical methods to solve these uncertainties because 
of various uncertainties typical for those problems. Hence some kinds of theories were given like 
theory of fuzzy sets, i.e., which we can use as mathematical tools for dealing with uncertainties. 
In 1965, Zadeh [33] introduced the concept of fuzzy subset as a generalization of the notion of 
characteristic function in classicalset theory. Shery Fernadez introduced and studied the notion 
of fuzzy G-modules in [4]. The triangular norm, T-norm, originated from the studies of proba- 
bilistic metric spaces in which triangular inequalities were extended using the theory of T-norm. 
Later, Hohle [6], Alsina et al. [2] introduced the T-norm and the S-norm into fuzzy set theory 
and suggested that the T-norm be used for the intersection and union of fuzzy sets. Since then, 
many other researchers have presented various types of T-norms for particular purposes [5,32]. 
In practice, Zadeh’s conventional T-norm, /\ and \/, have been used in almost every design for 
fuzzy logic controllers and even in the modelling of other decision-making processes. However, 
some theoretical and experimental studies seem to indicate that other types of J-norms may 
work better in some situations, especially in the context of decisionmaking processes. The au- 
thor by using norms, investigated some properties of fuzzy algebraic structures [10] - [29]. Here 
in this paper, we introduced fuzzy G-submodules under t-norms and some related results like 
intersection, sum and direct sum of them has also been discussed. Also some of their properties 
has been investigated under G-module homomorphisms. 


§2. Preliminaries 


Throughout the paper, Q,R,C will always be rational, real and complex numbers, respec- 
tively. 

Definition 2.1. (See [8]) Let R be a ring. A commutative group (M, +) is called a left 
R-module or a left module over R with respect to a mapping 


JRxMo>M 


if for allr,s€ Rand m,ne M, 
(1) r.(m4+n) =rm+rn, 
(2) r.(s.m) = (rs).m, 
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(3) (r+s8).m=rm+s.m. 

If R has an identity 1 and if 1.m = m for all m € M, then M is called a unitary or unital left 
R-module. 

A right R-module can be defined in a similar fashion. 

Definition 2.2. (See [8]) Let M be an R-module and N be a nonempty subset of M. 
Then N is called a submodule of M if N is a subgroup of M and for all r € R,a € N, we have 
rac N. 

Definition 2.3. (See [3]) Let G be a finite group. A vector space M over a field K is 
called a G-module if for every g € G and m € M, there exist a product ( called the action of G 
on M ) m.g € M satisfyirlg the following axioms: 

(1) m.1lg=m,V¥m € M (1g being the identity element in G), 
(2) m.(g.h) = (m.g).h , Vm e€ M:9,h € G and 
(3) (kimi + kam2).g = ki(my.g) + ke(meo.g) Vii,me € Mig € G:ki,ko EK. 

Example 2.1. Let G = {1, —1,i,—-i} and M = C” with n > 1. Then M is a vector spacc 
over C and under the usual addition and multiplication of complex numbers, we can show that 
M is a G-module. 

Remark 2.1. The operation (m,g) — m.g defined above may be called a right-action of 
G on M and M may be said to be a right G-module. In a similar way, we can define left-action 
and left G-module. We shall consider all G-modules as left G-modules. 

Definition 2.4. (See [3]) Let M be a G-module. A vector subspaee N of M is a G- 
submodule if N is also a G-module under the same action of G. Thus N is G-submodule of 
G-module M if and only if N is submodule of M and N be a G-module. 

Example 2.2. Let Q be the field of rationals and G = {1,—1} and M=R. Then M isa 
G-module over Q. Now for each r ¢ Q we get that N = Q(r) is a G-submodule of M. 

Definition 2.5. (See [7]) Let M and N be G-modules. A mapping f: M—> M isa 
G-module homomorphism if 
(1) f(kimi + kame) = ki f(m1) + kof (ma) 

(2) fgm) = gf (m) 
for all m1,mgm € M and ki, ko © K andg€G. 

Definition 2.6. (See [9]) Let X a non-empty sets. A fuzzy subset 4 of X is a function 
yu: X — [0,1]. Denote by [0,1]*, the set of all fuzzy subset of X. 

Definition 2.7. (See [31]) A fuzzy set j1 of anon-empty set M is a mapping wu: M — [0,1]. 
For any a € [0,1], the set U(u,a) = {© € M: p(x) > a} and L(u,a) = {a € M: p(x) < a} 
are, respectively, called the upper a-level cut and the lower a-level cut of w. 

Definition 2.8. (See [9]) Let f be a mapping from R-module M into R-module N. 
Let pp € [0,1]” and v ¢€ [0,1]%. Define f(y) € [0,1])% and f-'(v) € [0,1]” as Vy € N, 
f(u)(y) = sup{u(a) |x € M, f(x) = y} if f(y) 4 0 and f(u)(y) = 0 if f-*(y) = 0. Also 
Vaz € M, f~*(v)(x) = v(f(2)). 

Definition 2.9. (See [1]) A t-norm T is a function T : [0,1] x [0,1] — [0,1] having the 
following four properties: 

(T1) T(x, 1) =z (neutral element), 
(T2) T(x, y) < T(a, z) if y < z (monotonicity), 
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(T3) T(x, y) =T(y, x) (commutativity), 
(T4) T(x, T(y, z)) =T(T (a, y), z) (associativity), 
for all x,y,z € [0,1]. 
We say that T be idempotent if T(x,x) = x for all x € [0, 1]. 
It is clear that if x, > xg and y; > yo, then T(21, y1) > T (x2, y2). 
Example 2.3. (1) Standard intersection T-norm T,,(x, y) = min{z, y}. 
(2) Bounded sum T-norm T;(#,y) = max{0,x + y— 1}. 
(3) algebraic product T-norm T, (x,y) = zy. 
(4) Drastic T-norm 
y ifv=1 
Tplayy)=< ¢ ify=1 


0 otherwise. 


(5) Nilpotent minimum T-norm 


min{z,y} ifa+ty>1 
Inm (x, y) = 
0 otherwise. 


(6) Hamacher product T-norm 


0 if*=y=0 
TH (z, y) = xy . 
pty—xy otherwise. 
The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest 
t-norm: Tp(a,y) < T (x,y) < Tmin(z, y) for all x,y € [0, 1]. 


Lemma 2.1. (See [1]) Let T be a t-norm. Then 


T(T(a, y), T(w, z)) = T(T(2, w), Ty, z)), 


for all x,y, w, z € [0,1]. 

Definition 2.10. (See [30]) The intersection of fuzzy subsets uw, and py in a set X with 
respect to a t-norm JT’ we mean the fuzzy subset ~ = 41M ue in the set X such that for any 
rEXx 


M(x) = (M19 p2)(x) = T(H1 (x), M2(z)). 


§3. Main Results 


Definition 3.1. Let G be a finite group and M be a G-module over K, which is a subfield 
of C. Then a fuzzy G-module on M under t-norm T (T-fuzzy G-submodule of ) is a fuzzy 
subset yu: M — [0,1] such that 
(1) wlaa + by) = T(u(x), u(y) 

(2) u(gm) = w(m) 
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for allajbe K:a,yeM:meM andgeG. 
Denote by TFG(M), the set of all T-fuzzy G-submodules of M. 

Example 3.1. Let G = {1,—1} and M = R’* is a vector space over real field R. Then M 
is a G-module over R. Define w: M — [0,1] by 


1 ifa;=0,Vi 
0.60 if atleast one x; = 0 


w(x) = 


where 2 = (21,22, 23,24) € R* such that x; € R. If T be standard intersection t-norm T(a, b) = 
Tm(a, 0) = min{a, b} for all a,b € [0,1], then » € TFG(M). 

Example 3.2. Let F' be a field, K be an extension field of F and a € K. Let F(a) be the 
field obtained by adjoining a to F as F(a) = {bop + bia + boa? + ...} with b; € F. If G = (a), be 
the cyclic group generated by a, then M = F(a) will be G-module. Define p : M => [0,1] by 


1 ife=0 
p(x) = 0.5 ifae F— {0} 
0.25 ifae F(a)—F. 
Let T be bounded sum t-norm T(a,b) = T,(a,b) = max{0,a + b — 1} for all a,b € [0,1] then 
u€ TFG(M). 
Example 3.3. Consider the G-module M = C over the field R where G = {+1} 
Define yp: M = [0,1] by 


1 ifz=0 
u(z)= 4 0.65 if zeR-— {0} 
0.45 ifzEeC—-R. 


Let T be algebraic product t-norm T(z,y) = T,(z,y) = zy for all z,y € [0,1] then p € 
TFG(M). 

Proposition 3.1. Let M bea G-module over K and pz be a fuzzy set of M. If yu € TFG(M) 
and T be idempotent t-norm, then U(j1, a) will be G-submodule of M. 


Proof. If U(u,a) = @, then nothing to prove. Therefore, suppose that U(u,a) 4 0, and 
let z,y € U(p,a) and a,b € K. Then p(x) > a and p(y) > a and as wp € TFG(M) so 
pax + by) > T(u(x), u(y)) > T(a,a) = a and then p(ax + by) > a so ax + by € U(p, a). Also 
b(gx) > u(x) > @ and then gx € U(u,a). Thus U(pu,a@) is G-submodule of M. 


Proposition 3.2. Let ji, 2 € TFG(M). Then (41M w2) € TFG(M). 


Proof. Let x,y € M anda,be K andg €G. 
(1) 


(11M 2)(ax + by) = T(t (ax + by), 2(ax + by)) 
> T(T(u1 (x), Hi (y)), T(M2(x), H2(y))) 
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= T(T (1 (2), H2(z)), T(ua(y), Ma(y))) (from Lemma 2.1) 
= T((t1 9 p2)(2), (ua M be) (y))- 
(2) 
(11 9 pa) (gr) = T(H1 (9x), wa(gx)) = T (ur (x), H2(x)) = (41 9 p2)(2). 
Thus (41 N po) € TFG(M). 


Corollary 3.1. Let {u; |i € In =1,2,...,.n} C TF G(M). Then so is Mier, pi. 
Proposition 3.3. Let f : M— N be a G-module epimorphism. If 1 € TFG(M), then 
f(u) € TFG(N). 


Proof. Let y1,y2 € N anda,be K. 
(1) 


f(u)(ayr + by2) = sup{u(axy + bxz) | x1, €2 € M, f(ar1) = ays, f(bx2) = by2} 
= sup{p(ax, + bre) | 11,72 € M,af(a1) = ayi, bf (x2) = bye} 
> sup{T(u(x1), u(@2)) | v1, 22 € M, f(@1) = 1, f(v2) = yo} 
= T(sup{u(21) | f(v1) = yf, sup{u(x2) | f(v2) = ye) 
= T(f(H)(y1), F(H)(y2))- 


(2) Let ye N and g EG. 


f(H)(gy) = sup{u(gx) | x € M, f(gx) = gy} 
= sup{u(gx) | x € M,gf(x) = gy} 
> sup{u(z) | 2 € M, f(x) = y} 
= f(u)(y). 


Therefore f(j) € TFG(N). 


Proposition 3.4. Let f : M@ — N bea G-module homomorphism. If v €¢ TFG(N), then 
f-l(v) € TFG(M). 


Proof. Let 71,22 € M and a,b € K. Then 
(1) 
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(2) Let « € M and g€G. Then 


f-'(V)(g2) = v(F(gx)) = v(gf(x)) = v(F(2)) = FT) (). 


Hence f~!(v) € TFG(M). 
Definition 3.2. The sum of two 41, u2 € TF'G(M) is defined as follows: 


(M1 + M2)(x) = sup{T (11 (y), He(z)) |e =ytz€ Mh. 


Proposition 3.5. Let j1, u2 € TFG(M). Then (4 + w2) € TFG(M). 


Proof. (1) Let 11,22, y1, y2, 21,22 € M and a,b e€ K. Then 
(141 + M2) (aa1 + bx) 


= sup{T (11 (ay1 + bys), u2(az1 + bz2)) | ary + bay = ay, + bya + az + bza} 

2 sup{T(T (ui (y1); M1 (Y2)), P(e (21), Ha(22))) | aa + bra = ayy + az, + bys + bza} 
= sup{7(T(e1 (y1), #1 (Y2)), T(ua(z1), Ma(z2))) | ar = ayr + a21, bag = by2 + bz2} 
= sup{7(T(H1(y1); M1 (Y2)), P(e (21), Ha(22))) | a1 = yn + 21,02 = yo + 2a} 

( from Lemma 2.1 ) 

= sup{7(T (ei (yr), M2 (21), Pua (y2), Ma(22))) | er + 2 = y+ 21 + Y2 + 22} 

= T(sup{T (ui (41); Ha(21)) | @1 = yn + 21) }, sup{T (u1 (ya), M2 (22) | v2 = y2 + 22) 


= T((i1 + 2)(@1), (Ma + f2)(#2)). 


(2) Let z,y,z € M and g€G. 


I 


sup{T (H1 (gy), H2(gz)) | gz = gy + gz} 
sup{T (ui (y), H2(z)) |e =y + 2} 
(141 + f2)(2). 


(Ha + 12) (gx) 


IV 


I 


Therefore (441 + 2) € TFG(M). 


Proposition 3.6. Let M be a G-module and N be a subset of M. Let 


1 ifteN 
u(x) = ; 
a ifa#¢N 


with a € [0,1). Then p € TFG(M) if and only if N is a G-submodule of M. 
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Proof. Let pp € TFG(M) and we prove that N is a submodule of M. Let x,y € N C M and 
a,b € K. Now 


plax + by) > T(u(z), u(y)) =T(1,1) =1 


so p(ax + by) = 1 and then ax + by € N. 

Also let g € G and then p(gx) > u(x) = 1 so u(gx) = 1 and then gx € N. 

Therefore N is asubmodule of MW and since N be a subset of M so N will be N is a G-submodule 
of M. 

Conversely, let N is a submodule of M and we prove that uw € TFG(M). Suppose z,y ¢ M 
and a,b € K and we investigate the following conditions: 

(1) If z,y € N, then 


ular + by) =121=T(1,1) =T(u(z), u(y). 


(2) For any x € N and y ¢ N then az + by ¢ N and so 


ular + by) =a >0=T(1,0) = T(u(z), u(y). 


(3) Let « g N and y € N then ax + by ¢ N and then 


ular + by) =a 20=T(0,1) = T(u(z), u(y). 


(4) Finally, if 2,y ¢ N, ax + by ¢ N and so 


ular + by) =a 20=T(0,0) = T(u(z), u(y). 


Therefore from (1)-(4) we have that 


u(ax + by) > T(u(2x), u(y). 


Now let « € M and g € G. Then we have: 

(1) Ifa e€ N then gx € N and then p(gx) = 1> p(z). 
(2) Ifa ¢ N, then gx ¢ N and so p(grz) =0>0= p(z). 
Therefore from (1) and (2) we have that (gx) > p(x). 
Hence uw € TF'G(M). 


Proposition 3.7. Any n-dimensional G-module M has a T-fuzzy G-module py with | pu |= 
n+1 where | 1 | is called level cardinality of pu. 


Proof. Let B = {m1, mz, ...mn} he the basis for M. Then 4: M > [0,1] with 


114 


Vol. 17 T-fuzzy G-submodules 115 


1 ifq =@Q=...=C, =0 
5 ifcy 40,c2. = =... =Cn = 0 
3 if co 40,c3 =... = Cyn =0 
; if cg 40,c4 =Ch =... = Cyn = 0 
p(cymy + Com: +... + Cn Mn) = 
aa if Cn #0 


then uw € TFG(M) with | w|=n-+1. 


Example 3.4. Let G = {+1} and M = R* be G-module over field K = R. Let B = 
{m, = (1,0,0,0), m2 = (0,1,0,0),m3 = (0,0,1,0),m4 = (0,0,0,1)} be the standard ordered 
basis for M. Define w : M — [0,1] by 


tite Hae SG = 0 
5 if cy 40,co =c3 = cg = 0 
(erm, + cgm2+...+CnMn)= 4 § ifco #0,c3 =c1 =0 
+ ifc; #0,c4=0 
z ifcy #0. 
Let T be algebraic product t-norm T(z, y) = T,(2,y) = zy for all x,y € [0,1] then up € TFG(M) 


with | ys |= 5. 
Remark 3.1. The above construction can be extended to infinite dimensional G-modules 


also. 
Proposition 3.8. Let M be a G-module over K and M = @7_,M;, where M; are G- 


submodules of M. Define p : M = 6%,M; > [0,1] by u(m = Ym) = Af{mi(mi) : i = 
1,2,3,...,2} where A denote minimum [infimum]. If u; € TFG(M;), then wp € TFG(M). 


Proof. Let x = S70 mj; and y = Ym; and a,b € K and g € G. Then 
(1) 


pax + by) = ula >) mi +b >> m5) 
i j 


= ud am, + S- bm,;) 
a j 


= /M{uilami +6m,;):i,7 =1,2,3,...,n} 
> ALT (alrim;) + 4,9 = 1, 2,3, ..., 0} (Since pi € TFG(M;)) 
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(tin Gna) +41), 2;3,.50} Ai ng) J = 1,253 ,2.gn}) 
(u(x), H(y)): 


= \ fialgris) 24 =1,.2;3, 2.57} 

> A{ui(mi) 4 = 1,2,3,..., 0} (Since pi € TFG(M;)) 
= ew) eS 42 Beat 

= p(z). 


Therefore uy € TFG(M). 


Remark 3.2. In the above proposition, if j1;(0) are all equal then we have p(0) = A{,1;(0) : 
i= 1,2,3,...,n} = (0) for all z. 

Definition 3.3. The T-fuzzy G-module u on M = 6%_,Mj, in Proposition 3.8 with 
(0) = p,(0) for all 7 is called the direct sum of the T-fuzzy G-modules p;, and is denoted by 
b= Ojai b- 

Example 3.5. Let G = {+1} and M =C over R. Then M is a G-module. We have 
M = M; ® Mo, where M; = R and Mz = iR. Let T be algebraic product t-norm T(z,y) = 
T,(x,y) = xy for all x,y € [0, 1]. Define  : M — [0,1] as 


1 if*=y=0 
w(x+ty)=4 $ ifa40,y=0 
qi? = 
3 if y 40, 
then uw € TFG(M). Also define 
fi: M, —> (0, 1] as 
1 if*=0 
a(x) = in te 
5 ife 0, 
and 
pe: Mo —¥ (0, 1] as 
1 ify=0 
m= 4. , 
3 if y 4 0, 


then 1 € TFG(M;) and py. € TFG(Mz2). Also we obtain that uw = 1 © po. 
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